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ADVERTISEMENT. 
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N addition to the general acknowledgements 

of obligation to former writers, which accom- 
panied the firſt Volume, nothing, I believe, remains 
to be ſtated, ekcept that the method, given in 
page 2r, of determining the anſwer to queſtions 
belonging to the Rule of Three, is taken, with 
very little alteration, from Dr. Maſkelines pre- 
face to Taylor's Logarithms. 


With reſpe& indeed to many of the ſubjects 
treated of in the following pages, a ſtriq adher- 
ence to the original plan of ſuffering no demon- 
ſtrable propoſition to paſs without a demonſtra- 
tion, has precluded the author from availing him- 
ſelf of the labors of others ſo fully and frequently 
as in his firſt volume, | | 


Thoſe, who have been accuſtomed to implicit 
confidence in rules, will perhaps at firſt ſight con- 
| demn 


| 
| 


is ' ADVERTISEMENT, in 


demn as uſeleſs the full explanation given in this 
volume of the application of Algebra to recctli- 


near Geometry, Of ſuch the author requeſts a 
thorough and impartial examination into the 


| foundation and connexion of their ideas on this 
| ſubje&, in order to aſcertain whether they have 
| not been in the habit of ſubſtituting ORE for 
| demonſtration, - bs * 
| | | 

| This volume contains fimple and eaſy demon- 
| 


trations of the logarithmic ſeries, founded on the 
| pure principles of Algebra, which the author cons 
| ſiders as poſſeſſing many advantages over the flux - 


3 ional demonſtrations, beſides that of not requiring 
| the eſtabliſhment of any new principle, Theſe 
demonſtrations differ eſſentially from any that he 
has been able to meet with: but he does not wiſh 
— to conceal that they were ſuggeſted by a theorem 
| in M. Le Grange's moſt learned and ingenious 
work, entitled © Theorie des fondtions Analytiques" 
without which they probably would never have 
appeared in their preſent ſimple form, 


An anxious deſire of keeping the ſize of this 
volume within the limits of his engagement, has 


prevented t the author from purſuing ſome points 
: [ to 


4 


iv ADVERTISEMENT, - 
to that extent, his inclinations might otherwiſe 
have led him at the ſame time he choſe rather 
to proceed as far as thoſe limits permitted, than 
omit any thing; which he thought might elucidate 
the ſubjects treated of —believing that by this 
means the intereſts of his readers would be much 
more 'effetually conſulted than by offering them 
imperfect information with a trifling diminution 
in the ſize of the volume; eſpecially as the ſub- 
ſcribers to the firſt- volume were not conſidered 


as engaging for both, .. ! 


CON: 
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CHAP, 


CHAPTER l. 
Of the proportion of variable quantities, 


RTICLE r. Definition. If two variable 
A quantities be ſo connected that the ratio be- 
tween any two values of one of them is always the 
ſame as the ratio between the correſponding 
values of the other, or in other words, that vne 
cannot increaſe or decreaſe, but the other muſt 
increaſe of decreaſe in the ſame ratio; either of 
the quantities is ſaid to vary directly as the 
other, or, more ſhortly, to be as the other. 

Thus, if A and B be mutually dependent upon 
each other in ſuch a way that if A be changed to 
any other value, a, B muſt be changed to another 
value, h ſach that 4:a::B:6b, A is ſaid to vary 
directly as B, or B to vary as A. 


EXAMPLE, 


If money be divided equally among a cerfain 
number (u) of perſons, each perſons ſhare will 
vary as the ſum divided, : | 

bone A For 


* 


For each perſon receives an nth part of the 
whole ſum ,*, each perſons ſhare L and 


Share in one caſe : ſhare in any other caſe : : 
Sum in the one caſe _ Sum in the other caſe 


n n 
: Sum in the one caſe : Sum in the other caſe, 


Or Dr Hare varies as the ſum, 


2. Definition. If two variable quantities be ſo 
connected, that the ratio between any two values 
of one of them, is always the ſame as the inverſe 
ratio of the correſponding values of the other, 
or in other words, that one cannot increaſe or 
decreaſe, but the other muſt decreaſe or increaſe 
in the ſame ratio; the one quantity is {aid to vary 
inverſely as the other, 

Thus A varies inverſely as B, if when A is 
changed to a, B muſt be pages to &, ſuch that 
Ata::b: . 

Cor. If one quantity varies inverſely as a ſe- 
cond, that ſecond will vary inverſely as the firſt, 
for if 4A varies inverſely as B, or A:a::b:8B; 
B: 5 : 4: 4, that is, the ratio between the two va- 
Ines, B and 5, is equal to the inverſe ratio be- 
tween the two correſponding values, 4 and @ 
„. (by definition) B yaries inverſely as A. 


EXAMPLE, 


"If a certain ſum of money (S) be equally di- 
* | vided 


-_ _ 


„ 


VARIATION. 3 


vided among people, each perſon's ſhare varies 1 
verſely as the number of perſons. a 
S 
Number of perſons 4 
« ſhare in one caſe : a ſhare in any other caſe : ; 
8 1 

N* of perſons in the one caſe M in the other caſes. 

: N" of per. in the other caſe : N* in the former caſe, 

Or are varies inverſely as the number of perſons. 
3. The ſign oc placed between two quantities 

denotes that one varies as the other, for example, 

if, z varies as , it is expreſſed thus x & . In 

the following articles, 2, vx &e. are uſed; to- 


denote variable quantities. 2, 5 z, &e. to denote... 
any fixed values of z, yz, Kc. correſponding 


Wo n.Y 


with each other; and z, y, æ, Kc. any other ſuch 
fixed values; that is, when the value of x, is, 


For a ſhare = 


Z, the values of y, z, &c, are ſuppoſed to be Ys: 
x, &c, and when the value of 25 bs 2, the values 


of y, 7, &c. are ſuppoſed to be 75 4, G. v 
4. If one quantity varies #nver/ely as another, 
it varies directly as the reciprocal of that- other. 


For if 1 inverſely as ½, x Xi: 7 15 
** * 22 — : —1, e. the ratio bet weenany two va- 


Jy Ho 
of x (> x and z 70 is 1 to the ratio between the 
reciprocals(= — and-- )of the correſponding values 
ans 
(y and y) of y; ,*, by Art,iſt, 2 0 


Jy» FAY 


A 2 5. Converſely, 


4 | VARIATION. 


8. Converſely, if one quantity varies directly 
as the reciprocal of another, it varies inverſely as. 


F 0 I © 2 n 
that other, For if x * or x: x:: n; 2: 
# i 


* 2 „ by Art. 2, x varies inverſely as y. 
6. If one quantity varies-as a ſecond, and that 
ſecond as a third, the firſt varies as the third, 


n 1 rr 


For let x & , and y os 2, then ſince.x; x: 17 


k ir [ it 1 11 k 11 


andy: y: 22:2, X:X332: 2, or x 2. 

7. If one quantity varies as a ad. and that 2d, 
varies inverſely as a 3d. the 1ſt. varies inverſely 
as the 3d. For if x oc.y.and A inverſely as 


2, (Art. 4) e e. (Art, 6) 2 == (Art, 5) x 


varies inverſely as 2. 

8. If one quantity varies inverſely as a 2d. and 
that 2d. varies as a 3d. the iſt. varies inverſely 
as the 3d. For let x vary inverſely as y, and y 


n | BR. k 11 k 


eZ; then & 2 X · 29 1 WTF x 77 2 


it , 0 mm. þ5 11 ri l 
. invert, y:y::2;2 K 122: 2, 


or x varies inverſely as 2. 

9. If one quantity varies inverſely as a 2d. and 
that 2d. varies inyerſely as 2 3d. the 1ſt, varies 
directly as the 3d. For let x vary inverſely as y 


and 5 vary n as 2; then 


* . 3» b 1 2 * 7 5 22222 

K * 12 5 Z or 2 oc, . 

10. If one quantity varies as another, it will 

vary as that other multiplied or divided by any 

e! quantity whatſoever, For any propoſed 
multiple 


VARIATION. 5 
multiple part or parts of a quantity, changes in 
the ſame ratio as the quantity itſelf. Thus, if 
T oc y, r m y (m being conſtant) for 
y:y 22 my: ny. TK 25 m y my, or ⁊ H my, 

11, When three variable quantities A, T, Z, are 
ſo connected that no change takes place in the fſt. 
unleſs ſome change takes place in one or both of 
the others, and no change can take place in either ot 
thoſe others, but the value of the 1ſt. changes in 
the ſame ratio, and if the others be both changed, 
the 1ſt, is proportionably changed on both ac- 
counts (ſa that, for example, the three having at 
firſt certain values, if I be doubled, X is doubled; 
if Y be doubled and Z be tripled, becomes 
triple what it would have been, had Y alone been 
changed; ſo as on the whole to be increaſed ſix 
fold) the firſt varies gs the product of the two 
others, and is ſaid to vary as thoſe others jointly- 

Thus, if a ſubſcription be made, each perſon 
ſubſcribing an equal number of pounds, the ſum 
ſubſcribed, which, agreeably to the above hypo- 
theſis, changes in the ſame ratio as the number of 
ſubſcribers, and in the ſame ratio as the magnitude 
of a hare, varies as the number of ſubſcribers, 
x number of pounds conſtituting a ſhare, 

Let S denote the ſum when MX perſons ſubſcribe 
P pounds; and / the ſum when » perſons * 
5 pounds; then it is to be Wan that S: 5: 
Nx P: uA p. 


Now 


0 VARIATION, 


Now ſum (S) when XN perſons ſubſcribe Þ 
pounds: ſum when x perſons ſubſcribe P pounds : : 
N: u i 
and ſum when # perſons ſubſcribe P pounds: 
ſum () when n perſons ſubſcribe p pounds ;: P: 
P.. ex æquo S: :: NP: p. 

In general let 2 be the value of X, when the 


values of 7 and 2 are and ⁊; z when they are, 


y and 2; x when y and 2; then it is to be demon- 
rates that 


T:T:: y = the product of thoſe values of Y and Z 
which correſpond with: v, the product of thoſe | 


values of Y and Z, which correſpond with 7. 
Now by hypotheſis. 


1122272 
and x: F: : K: 4 


11 
* ex æquo x: Xx: 2 252 * 


The hypotheſis of the above propolition may be 
briefly ſtated as follows: 

hen Ti f given X & £4 

When Z is given X. 

Hence in any caſe, where this ſtatement can be 
applied, it is inferred that when + neither are 
given X < VZ. | 


Aliter. Let y be changed to ny; and by hypotheſis, x changes 
to n x; then let z be changed to mn 2, and by hypotheſis & changes 
tomnx; butx:mnx:i;yXz;ny * mx, that is,x is changed 
in the ſame ratio as y 2, 

F That is, remains the ſame in different caſes, 

+ It would be better perhaps to ſay that generally, whether one 
or both be given, X & YZ, 


| 
Ex: 


VARIATION, + 7 


EXAMPLE, 


Thus, becauſe when the number of ſabſcribers 
is given, ſum oc ſhare, and when the amount of a 
ſhare is given, ſum oc N* of ſubſcribers, it may be 
inferred that in general 

Sum oc ſhare x N* of ſubſcribers, 


12, If one variable quantity be ſo connected 
with three others, that when any two of thoſe 
three remain conſtant, it varies as the remaining 
third, in general it varies as the product of the 


three, and is ſaid to vary as the three jointly. 


For let & be the firſt quantity; and V, T, Z, the 
three on which it ſo depends; and let the follow- 
ing be any four ſets of correſponding values 


I ble Gali 

TS. a 

. 

* 
then by hypotheſis, 


1 
T : T:: 


and æ: 1255 


11 
and x: &: : z: 2 


wu $; 64> 
„ EX ZqQUOTITIIWY ZE ue 


that is, thc ratio between any two values of X, is 
the ſame as the ratio between the correſponding 
values of Z, or X VZ. 


Ex- 


8 VARIATION. 
EXAM LE. 


The (/imple) intereſt due in different caſes for 
money lent varies as the ſum lent x the rate per 
cent. x the time it has lain at intereſt, For if the 
rate and the time be given, it varies as the ſum; 
if the rate and ſum be given, it varies as the time; 
and if the /um and time bs given, it varies as the 
rate, 

13. In the ſame manner it may be ſhewn that if 
one quantity be ſo connected with four or more 
others, as to vary as each of thoſe others when 
the reſt of them are conſtant, * it will vary as 
their product; and is faid to vary as the ſame 
jointly, 

14. If three variable quantities be ſo connected, 
that the firſt is given when both the ſecond and 
third are given, but varies, when they vary; 
directly as the ſecond, and inverſely as the third, 
(fo that for example, if the ſecond be tripled, the 
value of the firſt is tripled, and if the ſecond be 
tripled and the third doubled, the firſt is tripled 
on the one account and halved on the other, ſo as 


* If it be conſidered that the magnitude of a produR depends on 
the magnitude of the factors - that no factor can be changed but the 
product is changed in the ſame ratio=oſo that for example, if one 
faQor be halved, the product is halved—if one fador be halved and 
another quartered, the product is reduced to half a quarter of its 
former value—if three factors be each tripled, the product is in- 
creaſed 27 fold—and the like in other inſtances, it will clearly ap- 
pear why a magnitude, whoſe changes are direaly proportional to 
the changes in certain other magnitudes, muſt always vary as the 
product of thoſe others. | 

npon 


VARIATION. * of 
upon the whole, to become three halves of it's 


former value,) the firſt varies as the Lecond 
third 


For let x vary directly as y, and inverſely as 2; 


then & varies directly as y, and directly as — ac- 


cording to the hypotheſis of article e 


1 y 
that CIS adY err. 
J 722 


EXAMPLE, 

- ſum ſubſcribed 

N* of ſubſcribers... | 
For if the number of ſubſcribers be given, a ſhare 
o ſum ſubſcribed ; and if the ſum ſubſcribed be 
given, a ſhare varies inverſely as the number of 
perſons, 


The amount of a ſhare c 


15. And in the ſame manner it may be ſhewn, 
that if one quantity ſo depends on any number 
whatſoever of others, that when all but one of 
them are given, it varies either directly or in- 
verſely as the remaining one, it varies as a frac- 
tion whoſe numerator is the product of thoſe 
whoſe variation is direct, and denominator the 
product of thoſe whole variation is inverſe. For 
example, if 2 ſo depends on p, 9, r. 5, and t, that 
when g, , 4, and 7 are given Z , when p, 7, 4, 
and f are given, 2 c q; when p, 9, , and f are 
given, x c r; when p, q, , and t are given, 
x varies inverſely as s, and when p, 9, r, and g are 

B | given, 


—— — ———— nn ner rn ie nn wr 2 - 


10 VARIATION. 


given, z varies inverſely as 73 x will vary 


n 
* 7 * 


16. If one quantity varies as another, it is 
equal to that other multiplied into ſome conſtant 
quantity, For let x oc , and let à and b be two 
co-temporary values of x and y; then x: :: 4 


1 — 
3 


17. If one quantity varies as another, their ſum 


or difference will vary as either of them. For 


let ⁊ oc y; then x :y 2 * 7 


X = 


l l k "n n 
and x & ::: Xx 4K : 
l l u 1 1 n 

„. XA Xx 33 Yy9:y ; 
or the ratio between any two values of x+y is 
the ſame as the ratio between the correſponding 


values of ; i. e. x+y c y. 


18. If three quantities vary as each other, any 
combination of them in which they are connected 
by the ſigns + or — will vary as any one of 
them, For let x, y and z vary as each other; then 
by the laſt art. Ty 2 . by ſame art, KT 


oc Z C c Xx, 


19. In the ſame manner if there be more than 
three quantities that vary as each other, it may 
be ſhewn that all or any part of them connected 
any way by the ſigns + or — will vary as any one 
of them, | 


20, And 


VARIATION. 11 


20. And hence any one of ſuch combinations 
will vary as any other of them, 


21. If one quantity varies as another, their like 
powers or roots will vary as each other, For 
let x < y; and let n denote any number whole or 


fractional, poſitive or negative; then ſince 
1 n 1 n 1 "n * 11 
n 


8't'x 21 1% „ 24398 3Þf 
or x* oc y", 


22, If one quantity varies as another, and each 
of them be multiplied or divided by any quantity, 
variable or inyariable, the products or quotients 
will vary as each other, Let 2 , then 2 2 
c y 2, For ſince 


1 n k n 
R 24 2:20 1y 
[ n 1 n 
M08 T4 232-28 
29 nn $8 nan 
XZ 3X2 :: 29 2 
1 n l n 
3 1 
and 2 6.0.0 2 2 
2 2 2 2 


That the propoſition is true when the multi- 
plier or diviſor is conſtant, appears alſo from 
art. 10, 


Aliter. Let x «<- y and = my; then x n 
* y Z (art, 10.) ' 


B 2 23. Cor. 


12 VARIATION, 
23. Cor. 1. If 2 = y the laſt proportion be- 


comes - = 122 2 ; and (ſince L 2) 
| I y Yy 


; or all the values of © 
> A | W_ , | 
are the ſame, i. e. If one quantity varies as an- 
other, their quotient is conſtant. 
This cor. is uſually inferred as follows: 


Let x «< y; then 2 c 2 & 1, or is conſtant. 


Aliter, Let x and = my; then 2 always m. 


24. Cor. 2, Converſely, if a fraction having a 
variable numerator and denominator be invaria- 
ble, the numerator varies as the denominator. 


25, Cor. 3. If one quantity varies inverſely as 
another, their product is conſtant. | 


For if x varies inverſely as y, x oc g * by 


Cor, 1. (z + , or) x x y is conſtant, 


1 
y 

26. Cor. 4. Converſely, if the product of two 
variable quantities be invariable, thoſe guantities 


vary inverſely as each other. 


27. Cor. 5. If one quantity varies as two 
others jointly, either of the latter will vary as 


the former directly, and the other of the two 
inverſely. 


VARIATION, 15 
inverſely, For let x c y , then, dividing both 
ſides by y, ⁊ oc 2, dividing both ſides by x, y oc £ 
| * z 


28. In general; if two quantitics vary as each 
other, any of the factors may be transferred by 
diviſion from the numerator of one of them, ta 
the denominator of the other, and vice verſa by 
multiplication: and the reſults, if they be varia- 
ble, will ſtill vary as each other,—but if one ſide 
be conſtant, the other fide will be conſtant, 


Ex. Let /voc xyz; then E c 
N K oc 2. 2 I, or is con- 
| — 1 N 


ſtant; &c, &c, 

29. If one quantity varies as a 2d, and a 3d as 
a 4th, the product or quotient of the 1ſt, and 3d, 
will vary as the product or quotient of the 2d 
and 4th, 

Let & c y, and w &< 2; then @8woy 


— y 
7 


1 n i n 
For ſince x 22 2: y 27 
and 6 28 — 
nn, nun 13 nn 
x u : :: 5 2752 
and 12 21 


30. In 


14 VARIATION. 


30. In a ſimilar manner may any number of 
proportions of this kind be combined by multi, 
plication or diviſion, 

Ex, Let y oc 2, and w a 2, 2 V oc u; 


then y WV SZ Xu; = bv 2g &c. &c, 
a 


31. Cor. If two quantities vary each as a 
third, the ſquare root of their product will vary 
as that third. | 

Let x oc 2z, and y z; then Ty o 2 
(art. 21) / xy e 2. 

If three quantities vary each as a fourth, the 
cule root of their product will . as that 
fourth. 


Let x 2, and y oc 2, and woe z; 
 thenxy wocz? . (art. 21) 2 oc z. 

In general; if n quantities vary each as the ſame, 
the n root of their product will vary as that 
ſame. 


SCHOLIUM, 


Variation is the equality of ratios, To ſay 
that æ oc y is ſaying that the ratio between any 
two values of æ is equal to the ratio between the 

correſponding values of y; (ſee definitions) or, 
alas.” to the notation uſed above, that 


: x) =(» :y/. If . = 


VARIATION. 15 


it is that (x *) — 6 : J or 
Z 2 


(y :y) + (z 2) or (y: -: 2). 
If z oc (x: K) 0 —(y 7 = 


3 wed 29. 15 2 


(x :x) T0 9 ( :2) + (2:2) 

* (2 1.6 ) = 3 * (z 20 — (w :w) 
&c. &c. ſee ratios, And by keeping more cloſely 
to this method of conſidering the ſubject, many 
of the above. propoſitions may be exhibited in a 
view apparently different, and ſomewhat ſhort- 
ened: e. g. article 22, only aſſerts that if two 
ratios are equal, and equal ratios be added to or 
ſubtracted from each, the ſums or remainders will 


be equal, If xc , i. e. if (z 4) 20 5. 
adding the ratio (2: 2) to both ſides, 


2 . 20 = =(5:3) + :2) i.e 


x.2 =\y2Zz:y92z}) or xz 2. 
e, ane (S: S) (T7 
+ ( 5 ſubtracting the ratio (7 : T) 
from each ſide (s : 80 wks 7 0 >) 


. (+8 = (px * V or FH &c, &c, 


T. 7 
But 
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But this method was avoided from conſidering 
the propenſity obſervable in many minds, of not 
reſting contented with the matter of fact and ope. 
rations, denoted by theſe technical expreſſions, 
but ſearching for ſomething abſtract, as they call 
it, ſuch as the notion of ratio being quantity ſui 
generis; and the like; notions, which though 
merely the creatures of definition and compact, 
are yet by a ſtrange confuſion of words and ideas, 
conſidered by them as indicating ſome real inde- 
pendent truth, | 


APPENDIX, 


OF THE KULE OF THREE AND REDUCTION: 


32. On the doctrine of proportion, and Variation 
is founded the Rule of Three in all its branches. 
If the name of cauſe and effedt be given to thofe 
things, whoſe magnitudes depend directly on each 
other, e. g. if the quantity of goods bought be 
called the cauſe of the price; the time and number 
of men, the joint cauſes of work performed; &c, 
then in all queſtions belonging to the ſimple rule 
of three direct, there will be found a cauſe and an 
effed given, and it is either required what efed 
another ſtated cauſe will produce, or it is required 


what cauſe is neceſſary to the production of ano- 
| ther 
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ther ſtated effet,—And in all queſtions belonging 
to the rule of three inverſe, or to compound pro- 
portion, there will be found an efed given as be- 
ing produced by the joint agency of certain given 
cauſes, and it is either required what effec the 
joint agency of certain other given cauſes of the 
ſame kind will produce, or, another effec being 
given, and all the cauſes producing it but one, it 
is required what that one muſt be in order that, 
jointly with the reſt, it may produce that effed, 
Now, becauſe the effect (by hypotheſis) varies as 
the cauſe, or cauſes jointly, i, e. as the product of all 
the agents forming the cauſe, therefore any quel. 
tion is to be reſolved by putting the Product of the 
agents forming one cauſe, to the product᷑ of the agents 
forming the other cauſe, as the eſfect produced by the 
former canſe, to the effect produced by the other, 


Note, The cauſe and effect which are wholly giv- 
en, are called the ſuppoſition; and the cauſe and effect 
in which the number ſought is found, is called the 
demand. | 


EXAMPLE TO SIMPLE RULE OF THREE DIRECT, 


If a man can count over 150 guineas in 2 mi- 
nutes, how many minutes would he be, at the 
ſame rate, in counting over 1,000,000 guineas, 


The. time is cauſed by the number of guineas 
—twice as many requiring twice the time—half 
as many, half the time; &c, i, e. the time varies 
as the number of guineas. 

Sr” *. 150 
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*. 150 guineas : looo, ooo guineas 
: 2 minutes : Number of minutes required, which 
ts therefore equal to 
. o 1e 2 
— — —.— * 2 minutes 
I50 guineas 
= mm— r — 
150 


= 13333 minutes & : of a minute.“ 


EXAMPLES OF CASES WHERE THE EFFECT 18 
PRODUCED BY JOINT AGENCY, 


Ex. 1. If 100 workmen can finiſh a piece of 
work in 12 days, how many are ſufficient to do 
the ſame in 3 days, 


The performance of the work is cauſed 8 the 
men and time jointly, i. e. quantity of work per- 
formed oc number of men x number of days, for if 
the number of days be given, it varies as the 
number of men; and if the number of men be 
given, it varies as the number of days, 

. the quantity of work in one caſe, is to the quan- 
tity of work in the other, as 100 x 12, to 3 x the 
number ſought ; but the quantity of work is ſup- 
poſed to be the ſame in both caſes, or the firſt 
term of the proportion to be equal to the ſecond; 
. 100 * 12 = 3»x number fought and number 


fought = nh 400. 
* Equal to g days, 6 hours, r3 minutes, 3s ſeevnds: - 


Ex. 
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Ex, 2. If 100 workmen can finiſh a piece of 
work in 12 days, how many are ſufficient to 
finiſh five times as much in 3 days. 

Here the quantity of work in one caſe, is to the 
quantity in the other, as 3 to 5 . 1: 5 :: 
100 * 12: 3 x Number ſought „. Number fought 
—100% 125 — 2000, 

3* 1 

The former of theſe examples is ſaid to belong 
to the Rule of three inverſe, becauſe if the equa- 
tion oo * 12 = 3 x number ſought be thrown 
into a proportion, it will be, 100 davs : 3 days 
(not as (12) the number of men employed the 100 

| C 2 | days, 


Every caſe of compound and inverſe proportion may be ſolved by 
two or more ſimple dire proportions, For inſtance, in the laſt ex- 
ample we may inquire, 1ſt. what number of men can perform g pieces 
of work, if 100 men can perform one ; (ſuppoſing the time 12 days 
in both cafes) ſtated thus, 1: $5 :: 100: number ſought = 506. 


2. If 5 pieces of work are performed in 12 days, how many in 
3 days; (ſuppoſing the number of men 300 in both caſes) Rated thus, 


12: 3 27 5 : number ſought = . 
12 


3. If 15 of the work requires 500 men, how many men will 
12 


8 pieces require; (ſuppoſing the time in both caſes three days) ſtated 
thus, 22 : 5 :; goo : The final number ſought = 500 X 5 
12 | 
+ 5 = 2006, 
12 

And every queſtion being thus reduced to direct ſimple ſtatements, 
the truth of the operations in all caſes may be made evident, without 
referring back to any principle of ratios, For allowing that double 
the 
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days, to the number of men employed the 3 days, 
but inverſely) :: Number fought : 12; and this 
inverſion, it is.evident, will always happen when 
the two effects are the ſame, 


The 2d Example, and others fimilar, are ſaid to 
belong to compound proportion An a ſcientific ar- 
rangement, inverſe proportion muſt be conſidered 
as a particular caſe of compound, 


the quantity of goods coſts twice as much, half, half as much, 


A ths, ths as much; with fGimilar conceſſions in other caſes, let the 
1 2 

3 terms of a ſimple dire ſtatement be A, a, B, — 4 & B being 
the terms of the ſuppoſition; then, becauſe the number A of a certain 
denomination coſts (if it be concerning worth of goods) B, 1, which 
is only an 4th part of A, will coſt an Ath part of B; but if one coſts 
an Ath part of B, a will coſt a Ath parts of B — or at once we 


may infer, that if 4 coſts B, a, being an Im part of 4, muſt coſt 


@ th of B. i. e. the term ſought will be  B, and if 
7 ; | _ 0 
inſtead of © coſts” we ſubſtitute the word ** requires” the reaſoning 
becomes general. | 


For example, if ſix yards of muſlin colt thirty three ſhillings, how 
much will eleven yards coſt ? 


1. If 6 yards coſt thirty-three ſbillings, 1 yard will coſt a 6th part 
of thirty-three ſhillings; or = ſhillings (= 38. 6d.) 


2, If one yard' coſts Br, eleven yards will coſt eleven times 


33,, or =D, (= zl. od. 6d.) the ſame anſwer as would ariſe 
6 0 


from the Natement, 6yds, :; 11yds :: 33. Number of ſh, ſought. 


33 It 
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33. It is obvious that in all caſes whatfoever 
the term ſought is equal to the given term of the 
fame. kind, (which for diſtinctions ſake may be 
called the homologous term) multiplied into a 
 fradtional expreſſion, whoſe numerator is the produdt 
of ſome of the other given terms, and denominator the 
product of the reſt, and becauſe the increaſe of any 
factor in the numerator of a fraction increaſes the 
value of the fraction, but the increaſe of any fac- 
tor in the denominator decreaſes its value, it fol- 
lows that any term in the queſtion, which, had it 
been given greater, cæteris paribus, would have 
cauſed the term ſought to have come out greater, 
muſt be a factor of the numerator and that any 
term, which had it been given greater, cæteris 
paribus, would have Cauſed the term ſought to 
have come out leſs, muſt be a factor of the deno- 
minator ;—which forms an eaſy rule for ſolving 
all queſtions whatſoever without any ſtatement 
—it being only neceſſary to inquire which of the 
given terms the number ſought varies directiy as, 
and which it varies inverſely as, —Let us take the 
laſt queſtion for, an example, 


1. If inſtead of * one piece of work, the too 
men had finiſhed move in 12 days, it would have 
required fewer men to finiſh five pieces in three 
days; therefore the 1 is a factor of the denomi- 
nator, ' | 


It is only in order to ſhew the method, that the place of this 
term is conſidered - for it makes no difference whether unity be a 
factor of the numerator or of the denominator. 


2. If 
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2. If the 100 men, inſtead of being 12 days, had 
been more days, it would have taken more men to 
finiſh the + pieces in 3 days; ,*, 12 is a factor of 
the numerator. 

3. If it had been required how many men could 
finiſh a greater quantity than 5 pieces, the anſwer 
would have come out greater; . 5 is a factor of 
the numerator, A 


4. If inſtead of 3 days, more days had been al- 
lowed, fewer men would have been required; 
. 3 is a factor of the denominator, and the num- 


12 * 5 


ber ſought is 100 x as before, 


34. But this rule may be ſhortened from this 
conſideration; that no two of the given quanti- 
ties, that are of the ſame kind, can both belong to 
the numerator, or both belong to the denominat- 
or; as eaſily appears if the queſtion be reſolved by 
ſimple ſtatements, ſince in a ſimple ſtatement, 


4 4 :: N: number ſought, (where A and 4 
are ſuppoſed to be of the ſame kind, and M of the 
ſame kind}as that, whoſe number is ſought) number 


* 
A 


It is ſufficient therefore, omitting the ſuppoſi- 
tion, to inquire concerning the given terms in the 
demand, which of them vary directly, and which 

inverſely as the number ſought placing the for- 

mer in the numerator, and the latter in the denomi- 
. nator ; 


fought = 
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nator; and placing thoſe terms of the ſuppoſition 
in the denominator, whoſe homologous terms in 
the demand fell to the numerator ; and vice verſa, 


EXAMPLE, 


If b horſes eat up c acres of graſs in d days, in 
how many days will e horſes eat up f acres? | 


The number of days varies directly as the quant- 
ity of paſture, and inverſely as the number of 
horſes—therefore f is a factor of the numerator ; 
and e a factor of the denominator; hence accor- 
ding to the above obſervation, e belongs to the 


denominator, and 6 to the numerator ,*, number 
* = 2 2 75 | 

od to the other method of cauſe and 
effect, the ſolution would be as follows, 


The horſes and time are the joint cauſes of the 
quantity eaten, or quantity eaten oc number of 
horſes x number of days .. 


e acres : F acres :: b * d: e x number ſought 
e. number ſought = £2 or d x 2 - as before, 


35. The operation, 12 which we find the 
quantity ſought in any queſtion, is carried on by 
multiplication and diviſion of numbers, which are 
in the ratio of the given quantities; therefore if 
any term contains quantities of different denomi- 
nations, ſuch term muſt firſt be reduced to an 

| equivalent 
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equivalent expreſſion containing but one deno- 
mination, and each term muſt be made of the ſame 
denomination as its homologous term, 


Ex, What is the tax upon 13ol. 145, at 58, 6d, 
in the pound? 


Here 11, : 130l. 148. :: 58. 6d. : money ſought ; 
which . is equal to ——＋. of 58. 6d, meaning 


by — . the number expreſſive of how many 


times 11, is contained in 130l. 148. and in order to 
find the numerical value of this fraction, we muſt 
reduce 13ol. 148. and 11, to ſhillings—they become 


26141h, and 2oſh, .*, money ſought is 2714 hs of 


5s, 6d, or (ſince 53 6d, = 66d.) 202 the of 66d 


—2614 x 66 onde. = EEE 8 =__ 
20 | 


pence = 8626 . of. Satin 2 1 
# I 


In order to facilitate the practice of thus re- 
ducing quantities from one denomination to an- 
other, the following rules are ſubjoined, 


REDUCTION, 


REDUCTION, 25 


36. Definition, The number denoting how many 
of one denomination are contained in an integer 
of another, is called the 41;quotient of the two 
denominations, 

Thus, 12 is the aliguotient of pence and /hillinge 
—one /hilling containing 12 pence, 

37. To reduce a quantity from a higher to a 
lower denomination. | 

Rule. Multiply the given quantity by the aliquo- 
tient of the two denominations, 

Ex. 1, In 251. how many crowns, Anſwer, 4 x 25 
or 100. | | 

Ex, 2. In 17 yards how many inches? 

A yard contains 36 inches. Anſwer 36 x 17 
or 612, 5 

38. Converſe. To reduce a quantity from 2 
lower to a higher denomination. 

Rule. Divide by the aliquotient of the two deno- 
minations—The integral quotient is the number of 
units of the higher denomination contained in the 
given quantity. The remainder, if” there be any, 
ſheus how many of the lower are contained in it 
beſides. ' 

Ex, 1. In 100 crowns how many pounds, An- 
ſwer 100 + 4 or 25. , 

Ex. 2. In 57 pence how many /hil/ings, 


5 * 1 
\ 
* » 


D The 
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The quotient of 57 divided 1205714 
by 12 is 4; the remainder 9; .. — 


9 rem. 
the anſwer is 4ſh. ꝙ pence over. 


39. To reduce a quantity containing one or 
more denominations, to an equivalent expreſſion 
in the loweſt denomination found in it, or to any 
inferior to that, 


Rule. Reduce that part of the given quantity, 
which is of the higheſt denomination, to the next in- 
ferior or 2d denomination ; adding that part which 
is of the ad denomination, Reduce the reſult to the 
zd denomination, adding what is of the 2d, Proceed 
thus through all the denominations, and the number 
laſt found will be the expreſſion required, 


Ex, 1, Reduce 31. 11h, 2 far. to farthings, 
. 1. far. 


3 11 2 
31. + 1ſh, = 3x20 + 11 20 


(71) Rilling 


71 
12 


— — 


852 
4 


3410 ures. x 


= 71 * 12 (85) pence 
* 31. + 118. + 2f. = B52 pence + 2 farthings 


= 852 x 4 + 2 (3410) farthings, 


Ex. 
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Ex. 2, How many inches are contained in a 
mile? 


N. B. A mile contains 1760 yards. 1760 
3 
5280 feet 


I2 


Anſwer 63360 inches. 


— — 


Ex, 3. In 13l. 108. how many groats © 


Tk 

13 10 

20 

270 ſhillings 
3 


Anſwer 810 groats, 


40. Converſe, To reduce a quantity of one 
denomination, to its value in the higher denomi- 
nations, bg 


Rule, Reduce the given quantity by diviſion, to 
the next higher denomination, (art, 38) and ſet by 
the remainder, Reduce the quotient to the next 
higher ſtill, ſetting by the remainder as before Pro- 
ceed thus, ſo far as integral quotients can be obtained 
—The laſt quotient, together with the ſeveral re- 
mainders, form the anſwer ; the remainders being of 
the ſame denomination as the dividends they ariſe 
from. 


D 2 Ex. 
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Ex. Reduce 3419 farthings to pounds, fhil- 


lings, &c, 
-. 4)3410 farthings 
s FL 2 
120832 2 rem 
20071. O 


3 II 
Anſwer 30. 115. od, 2far. 


41. To find the value of a fraction of any given 


denomination. in terms of the lower denominat- 
10ns, 


Rule, Conſider the numerator as a quantity of the 
given denomination: Reduce it to a lower denomi- 
nation, till it be not leſs than the denominator. Di- 
vide the reſult by the denominator Set by the quo- 
tient, Reduce the remainder, if there. be any, to a 
denomination ſtill lower —— Divide and proceed as 
be fore, till there be either no remainder, or no lower 
denomination, The ſeveral quotients form the 
anſwer; and the remainder after the laſt diviſion, (if 
there be any) divided by the diviſor, ſhews what 
fractional part of an integer of the loueſt denomina- 
tion the given quantity contains beſides, 


Ex, 
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Ex, 1, Required the yalue of 7 of 11, 


3 
20 
7) 60 
GS - - - 4 rem” 
12 
78 


6 6 rem" 


. 2 
7)24 
3 - 3 rem” 
Anſwer 8s, 6d. 2far, + 3 of a farthing, 
7 


- of a pound = 22. of a Rilling. 
7 

= 9,, = 855 + 2s; 

7 7 | 
45; = £212 (= 45 = 6 + -) pence; 
7 7 7 . 
6 pence = 4x6 (24 — 3 ＋ 3 arthings 
7 T 1 7 
-% 3 


8 28 + 4. = 8#:+ 6 + © pence 
i 7 7 


— 85. + 6d, + 3 + - farthings., 


Ex. 
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Ex, 2. Required the value of 881 
| 4 
13 
20 
64) 26004 quotient, 


256 


64) 19203 quotient, 
192 


— 


Anſwer 48. od. z/ar. 


Ex, 3. Required the value of 75 of 7 guineas, 


2 of 7 guineas = —2 of a guinea,* 


12 
35 
21 
35 
A 
12)735 
61 »- = 9 rem” 
12 
12)26( 
3 


Anſwer 61s. 3d. 


* If > be conſidered as the fraction, ſeven guineas muſt be the 
12 | 
denomination, not one guinea, and conſequently the firſt multiplier 


muſt be 7 * 21 inſtead of 21. 
Ex, 


. * 
IP 
u# 
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Ex. 4. Required the value of 2 of 4 miles 
3 


2 of 4 miles = 8 of a mile. 


3 
308 
2 — 2 rem 
1760 
3)3520 


1173 - 1rem" 
Anſwer 2 miles, 1173 yards, 1 foot, 


2. To find the value of any given quantity in | 
terms of any propoſed quantity, 


Rule. Reduce the two quantities to equivalent ex- 
preſſions of a common denomination, The expreſſion 
for the given quantity divided by that for the pro- 
poſed quantity is the value required,* 

Ex. 1. What fraction of a /ailling is 3 pence. 

Anſwer .. For one penny is one 12th .. 3 pence 

125 
is 3 12. | 
Ex, 2. What fraction of a guinea is half a crown ? 


Half @ crown contains 5 fr pences; and a guinea 


contains 42 *. Half a crown = of a guinea, 
4 


For, to find B in terms of C, we muſt find the value of the frac- 


tion £ , ſince B = = X C, or B is that part or parts of C, expreſſed | 
C 


by the fraction 2 and this value is ſound by the rule. 
Ex. 


* 
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Ex. 3. What part of 2d. is 2 of 7d? 
3 


Anſwer 2 x 5 222. 
Ex. 4. What part of a pound is 6s. 85 dy 


65. 85 d. contains 161 Halſpence; and 11, contains 


480 halfpence . the anſwer is 485 


Ex, 5. What fraction of a foot is 2 of an inch? 
: 7 
Anſwer 2 = 12or + 
- 7 64 
Ex. 6, What fraction of one inch is 5_ofa foot? 
| 87 \ 


Anſwer 2 + i or 3. 
N he 
Ex. 7. What parts of 11. is 3l. 7s. 
621. 
20 


31. 78. = 675, Anſwer 


DECIMAL REDUCTION. 


42. To find the value of a decimal of any de- 
nomination, in integral terms of the lower deno- 


minations, 


Rule, Reduce the decimal to its value in the next 
lower denomination, by multiplying it into the aliquo- 
tient of that and the given denomination, In the 


ſame manner reduce the decimal part of this product 
0 


to its value in the ſubſequent denomination, and ſo on 
till there be either no decimal part remaining, 
or no lower denomination, —The integral parts of the 
ſeveral products form the anſwer. And the decimal 
part of the laſt product ſhews what fraction of the 
loweſt denomination the given quantity contains be- 
/ides. | 


Ex, 1. Required the value of. 631251. 


.68125/. 
1 


13.62 500 ; value in ſhillings 
12 


74500 .. value of .6255 in pence 
4 
2.0 value of. 5d. in farthings ' 
Anſwer 13s. 7d. 2f. 


Ex. 2, Required the value of ,003125/. 
003125 J. | 
20 | 


l a mm— 
o. o62 500 &. 
12 


o. 750 d. 
1 4 


3.00. fo Anſwer 2 farthings 
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Ex. 3. Required the value of. oodi of a mile, 
0001 miles 


1760 
.1760 yards 
3 | 
.528 feet 


I2 


Anſwer 6 inches 6.336 be. 
+ . 336 of an inch 

44. To reduce a quantity. to Ro. ER of any 
denomination, 

Rule, Reduce the quantity to a fraction of the 
propoſed denomination, by art. 41. Reduce this frac- 
tion to a decimal, 


Ex. 1. What decimal of a filling is 3 pence ? 
3 pence = 25 of a ſhilling ; X = «2 5, the anſwer, 
a | 19 


Ex. 2. What wn of a mile is 6.336 inches? 


b 6.3 6.336 
* hes = 33 
6.336 inches 20 2 6 if a mile ; and — 


= .ooo1, the anſwer, 


If the given quantity contains. more than one 
denomination, the eaſieſt method of proceeding is, 
firſt to reduce that part, which is of the loweſt 
denomination, to a decimal of the next ſuperior, 
or 2d denomination, then to reduce the ſum 
of the decimal obtained, and the part, which is of 
the 2d denomination, to a decimal of the 3d deno- 
mination z and ſo on. 


Ex. 


Ny of * 
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Ex, 3. What decimal of 1/. is 13s. 7d. af? 


of, = 2d. = .5d.; 54. + 2f, = 7.54. — 3s 
4 I2 


= . 6251.3 13. + 7d. + 2f: = 13, 6255. = 13.625. 
| TT ABD 20 
= .6812g/, 
The org may be performed as follows: 


, 3486 
- 12)7-5 
20) 13.62 


68125 Anſwer, 15 


E > char 


CHAPTER ll. 
OF ARITHMETICAL AND GEOMETRICAL SERIES, ; 


ARITHMETICAL SERIES. a 
45. Definition. SET of terms, increaſing 
| -or decreaſing by a com- 
mon difference, is ſaid to be in Arithmetical pro- 
greſſion, and to form an Arithmetical Series, 
Thus, 1, 3, 5, 7, 9, &c. are in Arithmetical pro- 
greſſion, each term increaſing by the common dif. 
ference, 2. Again, 15, 12, 9, 6, form an Arithmetical 
Series, each term decreaſing by the common dif- 
ference 3. In general, if we denote the firſt term 
of a ſeries by a, the common difference of the 
terms by d, and prefix to d, the ſign +, or the 
ſign , according as the terms of the ſeries in- 
creaſe or decreaſe, we ſhall have the expreſſion 
a, a d, a 2d, a+ za, &c. to denote any Arithmeti- 
cal Series whatſoever. 


46. The n" term of an Arithmetigal Series, is 
equal to the firſt term, increaſed or diminiſhed by 


n—1 times the common difference ; according as it 
is an increafing or a decreaſing ſeries, 


For 
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For in any term of the above ſeries, the co- effi- 
cient of d is one leſs than the number denoting 


the place of the termʒ i. e. the ä term is a + n—1.d, 


47. In an Arithmetical Series, the ſum of the firſt 
and laſt terms is equal to the ſum of any two inter- 
mediate terms, equally diſtant from the firſt and laſt, 
and to double the middle term, if there be a middle 
term, i. e. if the ſeries conſiſt of an odd number of 
terms, 


Thus, in the ſeries, 1, 3, 5, 7, 9, 11; 17111 
=3+9=5+ 7; In the ſeries 14, 11, 8, 5, 2; 
14 +2=11+5= 8 + 8. In general, as much 
as the 2d term exceeds or falls ſhort of the iſt, fo 
much the laſt but one falls ſhort of or excceds the 
laſt; as much as the 3d term exceeds or falls ſhort 
of the 2d, ſo much the laſt but two falls ſhort of, 
or exceeds the laſt but one; &c. &c, 


48. The ſum of all the terms of an Arithmetical 
ſeries, is equal to half the product, which ariſes from 
multiplying the ſum of the firſt and laſt terms, into the 
number of terms, (Or, putting à to denote the 
firſt term; ad the ſecond term, &c. / the laſt. 
term; and conſequently, /Fd the laſt but one; 
Iꝓ ad, the laſt but two, &c. n the number of terms, 


[ 
and 5 their ſum) 5s = in. — — 


For let the ſeries be placed under itſelf in an 
inverted order, ſo that the laſt term may ſtand 
under the firſt—the laſt but one under the ſe- 


cond, 
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cond, and ſo on, Then it will phinly appear 
either by inſpection, or by art, 4, that, if each 
term be added to that above it, the ſum of the two 
| will conſtantly be a+1: hence ſince 


a + 444 + 44 2d + a+ 3d + 4 

and I INA T 'IF2d + 1734 + Ce. = Ss 

4a H a+1. + .I ＋ Cc. ntimes = 5 +8 
or? „ n = 25; . dividing by 2, 


8 y — 
49. Since I + - 1. d, 


=( 222 =) 2 4 + n—1.dx 2 


50. If i be put tb denote the common differ- 
ence, and be conſidered as poſitive or negative, 
according as the ſeries is increaſing or decreaſing, 

MF CELLO IF" "IE ————— 
in all caſes we ſhall have 5 = 24 + n—1.b x 25 
the ſign = alone being prefixt to n—1. 6b. 


"os 11 4 = 13 the ſeries becomes the ſame as 
b, 2b, 3b, 45 . „b, where m is the number of 


24725 


terms; and = (77 x — ” =) FEW x 2 


— 471.5 * . if o be 5 to this ſeries, it 


= # ö 2 — 
becomes o, 5, 2b, &c.......mb (till under the 
Arithmetical form) having mi terms; whoſe 
\ ſum 


* 


Pl 
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: L 1 5 | 
ſum, according to the equation 5s = @+/ x =, is 


m+1 oh. 
o+mb x M—S+1. bx m 


2 ON — r as before. 


52. Any three of the five quantities 2, a, 5, tl, n, 
being given, the other two may be found from 
— f 
the two equations [=8a + n—1. 6b, 
— —  — ——— 
and s = a+l X fl or 5 = 24 + —1. b "ag 
2 2 4 s | | 2 


3 a 
EXAMPLES. 


» 


1. Required the ſum of 50 terms: of 8. 
2, 4, 6, 8, &c, | : 


Here a 8 21222 50 „ 
Cree iS  GOIS} 
(z n. 0 x 3 =)4 +49 * * 2 S402 x 


= = 2550, 


2, Required the ſum of 5 terms of the ſeries t1, 
„ 


* db 3 a. 
Here a = 1b = - 23n= 53 . 1 (TAK anf 


» 


7 


ROY” The firſt term is 143 the: Gum of 5 term 
is 40. Required the ſeries. E5yiz9b J 4 


Here@= 14; n 2 531 = 40+ -*, 40 —_ Y * . 
5 2 


and 


0 220 
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and 80 = 28+46b x 5 = 140+20b hence 


20 b = 80—140 = — 6o, and b = — = = — 3. 


. the ſeries is 14, 14—3, &c. i. e. 14, 11, 8, 5, 2. 


4. Required the ſum of a decreaſing ſeries, 
whoſe firſt term is 35, common difference 3, and 
laſt term 20. 


From the equation, / = a + n—1. b, we have 


in this caſe, 20 = 35 + n—1 x — 3; hence 


—1 3 35 — 20 S. 15 and 1—1 * 2 8 


. „ 


hence ſince 3 = a+/ x -, 5 = 35+20 * 6 
| 2 


|S) 


= 165. 
The number of terms in an increaſing Arithme- 
tical progreſſion may be augmented at pleaſure. 


But in a decreaſing progreſſion, as many times 
as the common difference can be ſubtracted from 
the firſt term, ſo many terms, and ſo many only, 
can there be after the firſt. Thus, the progreſ- 
ſion 1, 2, 3, &c. admits of any number of terms, 
but the progreſſion 19, 15, &c. admits of "_ five 
terms, viz. 19, 15, 11, 7, 3. 


This Jimitation takes place in all thoſe decrea- 
ſing Arithmetical progreſſions, which may be 
ſuppoſed to have any direct ſignification, —or to 
have been derived in a direct manner from any 


exiſting caſe, 
But 
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But if we extend the Algebraic operations to 
abſtract negative quantities, it is plain that by 
following the ſame law of continually ſubtracting 
the common difference, any Arithmetical progreſ- 
ſion may be continued at pleaſure; Thus in the 
above ſeries 19, 15, 11, 7, 3; we may ftill continue 
the progreſſion by (algebraitally) ſubtracting 4; 
and we ſhall have for the next term 3—4, or — 1; 
for the next ſucceeding, — 1 4, or — 5, and fo 
on. And, agreeably to the fame method of em- 
ploying the ſymbols, the firſt term itſelf may be. 
the negative. e. g. — 1, — 2, — 3, may be conſi- 
dered as a deereaſing Arithmetical ſeries, whoſe 
common difference is 1. And it is obvious from. 
the method in art. 48 that the Agebraic ſum of 
ſuch ſeries will ſtill be had from the equation 
n 


s5 = 2.4.+ #—1.d x 2. 
| 2 


5. How many terms of the ſeries 19, 18, 17, &c. 
added together, amount to 124? 
Here 5 == 124) 4 = 19;zb = —1 
hence 124 = 38 x n—=1+—1 x 2 
and 248 = 36 n*+n 
* — 395 = — 1 
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and n = 32.223. — 31 or 8. 


2 
.*. 8 is the direct anſwer, or the 8 terms 
19, 18, 17, 16, 15, 14, 13, 12, amount to 124; but 
if to theſe 8 be added the ſucceeding 23, viz. 
11, IO . . 2, I, o, = 1, — 2 .. — 10, — 11, the 
ſam of the whole 40 will ſtill be the ſame, 


52. In aſſuming three of the five quantities, 
3, a, b, n, i, we are at liberty (u, a whole number, 
being one of the three) to take any quantities 
whatſoever for the other tuo, ſince from any aſ- 
ſumption there will reſult ſome value or other 
for the quantities ſought. But when n'is made 
the unknown quantity, three of the other four 
cannot be aſſumed ad libitum; for unleſs they BE. . 
ſuch as to give n a whole 1 number, the equations 


= 44 —1. 6, ands =2a T r d 5 I 
* . 2 


have no relation to an Arithmetical ſeries, ſince 
any ſeries muſt have @ real whole number of 
terms. It is very eaſy to ſee, why, from the na- 
ture of ſuch ſeries, the aſſumption of two out of 
three of the quantities s, 4, b, I, reſtricts the third 
to certain values. Thus, if a and & be aſſumed, 
it is obvious that ſuch aſſumption determines 
each term of the ſeries, and conſequently deter- 
mines the ſum of one, tuo, three, or of any other 
number of terms; i. e. reſtricts 5 to certain values, 
other than which it may not be. And if - be 


aſſumed of any intermediate value between the 
firſt 
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firſt term and the ſum of two, ſum of two and 
ſum of three, &c, the reſulting value of » will 
not be integral.“ | 

If one value of n found from the equation 


= Ws + n—l, 4 x — be an integral negative 
2 


number, — p, it indicates that the ſum of p terms 
of the ſeries a, a+b, &c, taken the contrary way, 
with their ſigns changed, making a—b the firſt 
term, will agree with the propoſed ſum. - For 


ſince 5 = 2a + n—1. bx 2, and n = — p; 
p 


5 = 24 —P—1 . bx - 5 = —- 2a +p+1.6bx Pp 

2 
= 2x b—-a + PI. bx2?, which is the ſum of a 

2 
3 1 

ſeries, whoſe firſt term is þ—a, common difference 
b, and number of terms ; i, e. the ſum of p terms 
of the ſerics b—a, 2 b—a, &c, or a b, a- 2b, &c, 


taken negatively. 


It is not to be inferred that the value of n will be a correſ- 
ponding fraction, denoting that the ſum of ſo many terms, and ſuch 
a part of the next, will agree with the propoſed fum, — Such an 
inference is not warranted by the derivation of the equation 


2 . bY 4. 


F Ex. 
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Ex.1; @=4; b=3; $5 = 14; required n, 


142 841. 3 x — 
28 = 8 + 3n* — 3n 
» S 
3 3 
1 28 25 (361. 19 
r. 1 1 12 4 & = = + —> 
6 753 3 V 3 6 
and u = 14 4 <P 
6 3 


5. four terms of the given ſeries, taken the con- 
trary way, and with their ſigns changed, viz, 
1.— 2, 5,—8, with their ſigns changed, amount 
to 14. | _ 

Ex. 2, How many terms of the ſeries 10, 14, 
&c. amount to o? | 


— — — 


5=0 = 20 + I x 4 x- . dividing by 
| | 2 
—— : 

20 + n—I x 4 = © whence n = — 4, 


It may be uſeful to the reader to propoſe tg 
himſelf any four of the five s, a, b, n, /, and endea- 
vour to find one of them in terms of the other 
three, from the two general equations, 


GEOMETRICAL 


1 
5 — — o 
6 d Lo 


* 
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| 54. Definition, A ſet of terms, increaſing or 
decreaſing in ſuch a manner, that each is the ſame 
multiple, part or parts of the preceding, or, in 
other words, in ſuch a manner, that the ſame ra- 
tio as the 1ſt term has to the 2d, the 2d has to the 
za, and ſo on, to the end of the ſeries, is ſaid to 
be in Geometrical Progreſſion, and to form a Ge- 
ometrical Series. Thus 2, 6, 18, 54, &c. is a Ge- 
ometrical Progreſſion, each term being triple the 


9 


preceding term. Again, by in is a Geo- 


4• 8˙ 16 
metrical Series, each term 1 half the preced- 
ing. | 

55, Any Geometrical Series may be repre. 
ſented by the form «a, ar, ar*, ar*, &c. where 
each term is equal to the preceding term multiplied 
into r. For if the 1ſt term of a geometrical ſeries 


be a, and the 2d be &, ſince b = a x - „calling ud 
a 


r, the 2d term will be ar; and ſince à: ar :: ar: 
ar* :: ar: &c, the ſucceeding terms will, by 
the definition, be ar*, ar*, &c. 


56, This conſtant multiplier , or that quan- 
tity, which, multiplied into the 1ſt term, produ- 
ces the 2d, is called the common ratio, and is 


obviouſ] y 
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pbviouſly always equal to 2d term 


term 
any term 


or to — . 
_ preceding term 


a” 


57. The u term of a Geometrical ſeries is equal 


— 1—1 


to the firſt term x common ratio - 
For in any term of the ſeries a, ar, ar“, ar*, ar“, 
&c. the index of r is one Jeſs than the number de- 
noting the place of the term; i. e. the “ä term 
„„ 

58. The product of the extreme terms in a ge- 
ometrical ſeries is equal to the product of any 
two terms equally diſtant from the extremes, and, 


if the number of terms be odd, to the ſquare of 
the middle term, 


Thus in the ſeries 2, 4, 8, 16, 32, 64, 


2x 64 = 4x32 = 8x16; in the ſeries 

7 3-2-0.) es 

2.6: „ 162 | 

1 l I 5 | 

„ — = » let @ be the firſt 
7 7 B * 18 n general, let à be r 


term, 7 the common ratio, and y the laſt term; 


and, conſequently, = the laſt but one; F the laſt 


r | 
but two; &c. then the ſeries will be a, ar, ar“, &c, 


. . . , L, y; and it is evident that axy = 
* 


59. The 
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59. The ſum of all the terms of a geometrical 
ſeries is equal to the quotient, which ariſes from di- 
viding the difference between the firſt term. and 


Taft term x common ratio, by the difference between 
unity and the common ratio; or, uſing the above 
Jrwea 
Fail q 


notation, and putting s for the ſum, s = 


For if a + ar+ar* ... + 2 I +y=5, 
| | - 

multiplying both ſides by r pert 
ar+ar* ar! . + - ＋ % Tr re. 


and ſubtracting one * equation from the other 


——̃ “p 


a — yr. -H RK IL 


60. The ſum of all the odd-terms (1K, zd, &c.) of 
a geometrical ſeries, diminiſhed by the ſum of all the 
even terms (2d, 4th, &c.) is equal to 


® If y be greater than unity, the value of the ſides of the upper 
equation is leſs than the value of the ſides of the lower, and the up- 
per equation is to be ſubtrated from the lower; if r be leſs than 
unity, the contrary happens, and the lower equation. is to be ſub- 


« 0 : 


traded from the upper. In the former caſe 5s = —— ; in the lat- 
I 


ter, 22 


an 


firſt 
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firſt term + laſt term x common ratio = 


common ratio + 1 
firſt term — laſt term x common ratio, 


common ratio + 1 
according as the number of terms is odd or even. Or 
atyr 
+. 


$.- 


For if @ = ar ar F L X 7 
r 


multiplying by r 
ar — ar + ar* — FY Fyr=rs 


by addi. a + > 4 | = $+ri=SxXYrTI 
. Nr. | 
7+1 


61. The ſum of all the even terms, diminiſhed 
by the ſum of all the odd terms, is equal to 
laſt term X common ratio — firſt term 

common ratio + 1 WP. ok 
yr—a Hf 


* 
111 


922 


* If the number of terms be odd, the fign of this laſt term 
is +; ifevenitis — © | 


For 
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For if — a + ar * ar ee — 2 ＋ ** 22 


28 ar — ar) , = yr = r. 


1 


and by add" N Tr +1o=s xr +1 


dc. 


r+l 


62, By putting r to denote that quantity, be it 
poſitive, or negative, which, multiplied into any 
term, produces the next ſucceeding with its pro- 
per ſign, and by putting à and y to denote the firſt 
and laſt terms with their proper ſigns prefixt, any 
geometrical ſeries whatſoever, whether its terms 
be all poſitive, or alternately poſitive and nega- 
tive, is made to agree with the form 


4 + ar + ar* + ar += + 


Thus in the ſeries 2, — 4, + 8, = 16; + 32; 
putting - = — 2, we ſhall have = 4 = 2xr; 
8=— 4xr, or =2xr%;—16 =8xr,or =2xr*'; 
44 ==" 216dex, or 2 a2 In the ſeries 
— 2, + 6, — 18, + 54; putting a= — 2, 
and r = — z, we ſhall have 6 = — 2xr; 
— 18 = 6xr; or = 2xr*; &c, And the expreſ- 
ſions for 3, found | in the three laſt articles, will all 


* As the enquiry is here reſtriQed to real quantities, the number - 
of terms in this ſeries muſt be even; elſe the ſum of the negative terms 
would exceed the ſum of the poſitive terms. 


G coaleſce 


Fe 
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coaleſce in one, viz, s =! — For if 
—1 


a T er ＋ ar , 2 ＋ 5 2, 
r 


ar ＋ ar' + ar' .., +y+ yr = rt 
and ſubtracting the upper equation from the lower, 


a ww 8 = Saw 8 XN fF=oH 
and s _—y Fm 
; 921 


If the ſides of the upper equation be of greater 
value than the ſides of the lower, yr—a is nega- 
tive; but at the ſame time r5—s will be negative, 


ſo that the a/gebraical value of - 4 = is ſtill the 


true value of . 
63. Since y, the nn. term of the ſeries, is equal 


ag" xr-45_ a; = 
any? = | = | 
to (art. 57) s D 2 


perhaps the following method of apply ing this demonſtration, 
a + ar + ar + - ＋ 72 


3 ar + ar® wn + T= 2 


„ — 


but ar-+ ar ? #420000 +7 1 7 r K ar. +2 +Z xr | 
= 


— 25. 7 95 12—7 1 = So 0 ́ů 
hence rs — rar and 5s x. 
7 


64. Any 
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64. Any three of the five quantities, 5, a, r, y, u 
being given, the other two may be found from 
the above equations, 


EXAMPLES, 


1. Required the ſum of 15 terms of the ſeries 
1, 2, 4, &c. 
Here a ; r=2; 12 15; 
. Ana 
2 


*. 4 2 


=25 - 1 32767. 


2, Required the ſum of 6 terms of the ſeries 
n, =H+3 = | 


21x— + A 24 
7224 ts — 2 — — 
7 e- l ome 
7 7 
I 
21 — 2I X .< 
MF 2 2147 21 8 
241 7 = 


Sr 
| x © 8x7 ©" $x2401 


8 2 3. The 
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3. The 5th term is 625, and the common ratio 
is — 3; required the ſeries. | 
y = 625; = — 53zn= 5; . from the equation 
5 2 ar, 625 = a x — 5f = ax #5 
62 


4 8= = 1; and the ſeries is 


1 - 5 +25 = 125 + 625. 

The methods given in chapter 7, Vol. I. of de- 
ducing an equation, in which the unknown quan- 
tity occupjes one ſide, and the known quantities 
the other, cannot be exactly applied here, when u 
is the quantity ſought; for from the equation 

— —S$r—-si+a 

Pao £ 


we can only deduce that = 


and cannot by means of the ſymbols employed in 
Algebra, viz, the ſymbols for addition, ſubtraction, 
multiplication, diviſion, involution, and epolution, 
ſtate the value of the index n in terms of , r, 
and a, 


Yet is n as much determined from that equa- 
tion, as if its value could be ſo ſtated ; for there 
can be but one power of r, which is equal to 


LT, and that power may be found in any 


particular caſe, by trial, or by previous know- 
ledge of the different powers of r. And in fact, 
it is thus that the values of quantities are found, 
when diviſion and eyolution are concerned, 

"Thus, 
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Thus, if we have given that x = 56, — in x order to 


know what x really is, we muſt either by trial 
diſcover, or have it previouſly eſtabliſhed in 'our 
minds, how many ſevens amount to 56. The only 
difference in the two caſes is that in diviſian and 
evolution, the ſyſtem of notation, by enabling us 
to diſcover the parts of the anſwer ſeparately, 
does ſo limit the number of trials, as to render 
the operation with large numbers nearly as eaſy 
as with ſmall. Thus, in finding the ſquare root 
of 625, it is not neceſſary to enquire at once (by 
means of ſucceſlive trials, or of previous experi- 
ence) what number taken as often as there are 
units in it, amounts to 625 — the operation is 
abridged by firſt enquiring what number multi- 
plied into itſelf amounts to, or at leaſt as nearly 
as poſſible amounts to 6; &c, But this artifice 
we cannot fo eaſily avail ourſelves of, in enquir- 
ing what power a given number muſt be raiſed 
to, in order that the amount may be a certain 
propoſed number, 


In theſe equations, where the unknown 
quantity is an index, ſuch as the equation c = d, 
we may ſay that x is nat number, to the power of 
which if c be raiſed, the reſult will be d; and if we 
had ſymbols to expreſs that phraſe, the value of 
the unknown quantity would ſeem as clearly de- 
termined as in other caſes,” Or, becauſe 
(::1) = (6+), and (EE 2-4} = ae {657 2), 

| (lee 
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(ſee ratios) we may ſay that x* (c: 1) = (d: 1), 
and x 2 ; and ſince d and c are, by ny pothe- 

e 11 = 
ſis, known, it may be ſuppoſed that it is known 
how often the ratio c : 1 is contained in the 
ratio d : 1, 


When r is the quantity ſopght, and s, a anden 
are given, and n is greater than 2, the equation to 
the unknown quantity, ar“ — ir = 4 — , or 
— —.— is of higher dimenſions than 

aA | 

a quadratic, and conſequently cannot be ſolved 
by the methods in chapters 7 and 8, Vol, I. Nor, 
indeed, has any general expreſſion for the yalue of 
the unknown quantity in equations of more than 
four dimenſions, been hitherto diſcovered, Yet 
that value may truly be ſaid to be known, becauſe 
it is determined by the equation, and may be found 
by trial, E. g. let x5 — 3x = 234; it is plain 
that it is not every number, whoſe 5th power, 
diminiſhed by three times its 1ſt power, leaves 
234; though, for ought that appears, there may be 
more than one number, which will. anſwer that 
condition, for we know that in the quadratic 
equation, x* — Þ x ='— x, x has two values, If 

we ſubſtitute a very large number for x, it is evi- | 
dent that x5 — 3x will far exceed 234; if we ſub- 
ſtitute 10, it will exceed 234; if we ſubſtitute 2, 
it will fall ſhort of it; „. we know that the true 
value of x is between 2 and 10; and upon trial 


we find it to be 3. 
| Ex, 
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Ex. 4. How many terms of the feries r, — 6, 
+ 36, — &c, amount to 1111? 
a=1;r =—6;5= 1111 


| — — 
„ 11 = 42=P=1=D=rx 


. * . —ꝓ—ũ— ; 7 — yz 
and 1111 x = 7=—6\/—1; hence 
1 =- 7x1111 = "= - *6%, and 7 11111 
or 7776 = 6"; but the 5th power of 6 is 7776, 
Pg * — LY | 

By ſolving this example from the equation 
24 _ (ſee art. 60) the powers of negative 
quantities are avoided, For then 
1+1x6* __ 1+0" 

6+1 7 
. III x7 = 1+6%, and 11x7-1 = O as be- 
fore; . &c. 


„11112 


65. In an increaſing geometrical progreſſion, or 
one, in which r exceeds unity, by augmenting the 
number of terms, their ſum may be increaſed ſine 
limite. Thus no number, howſoever great, can 
be propoſed, but may be exceeded by adding to- 
gether the terms of the progreſſion 2+4+8+ &c. 


The 1th power of — 6 6") is poſitive or negative, ac- 
cording as n is even or odd ; if it be negative, it is the ſame as — 6%; 
and that it is negative in this caſe we know, becauſe r—7X 1111 is 
negative. But that u is an odd number appears alſo from the ſum 
of the ſeries being poſitive ; ſince the ſum of an even number of terms 
M an increafing geometrical ſeries, whoſe terms are altecnately + 

-, (beginning with +) muſt be negative. 
continued 
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continued at pleaſure. But in a decreaſing geo- 
metrical progreſſion, or one, in which r is leſs 
than unity, the ſum of the terms, howſoever far 
they be extended, can never reach a certain limit, 
Thus howſocver many terms be taken in the 


ſeries, 1 + 4 + 3 + - ＋ Kc. their ſum can 
- + 


never amount to 2. (See diviſion, art. 170, Ex. 5.) 
In general, ſince s = edna 
1—1 

ar, may be increaſed * at pleaſure by increaſing u, 
and conſequently the value of the whole expreſ- 
ar'—a 5 

11 
when r is leſs than unity, by increaſing u, “ and 
conſequently ar, decreaſes ſine limite, ſo that 


a— 4 
„or rather 
1—1 I—r 


„, and conſequently 


ſion may be increaſed /ine limite. But 


a —4 


„has for the limit of its 


0 Suppoſe r = Las of then 1 = p+g)" = + np" ee. 
Pp | * pn 
=1+ _ + &c, Now whatever p and 9 be, * may, by increa · 


ſing u, be increaſed ſine limite. 


then r. = , which is the re- 


Again, ſuppoſe r = P 
gain, ſuppo 5s _ 


. 1 = K a q 1 TS» 
ciproeal of e ; and fince no number can be found which 
5 
A x may not exceed, no ſradion can be aſſigned ſo ſmall, but 


wal: 
3 way be till ſmaller, 
pL IR 710 


va ue 
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value —=; ; i. e. the ſum of no number of terms 


whatſoever can be ſo great as . 84 but always 
12 


is dimi- 


* I—r 


can be 


niſhable at pleaſure, nothing ſhort of 


I=r 
aſſigned, which, by continuing the progreſſion, the 
ſum of its terms may not exceed, 


\ 
'This limit ( ) of the r of 1 


Ir 
uſually called the ſum of the ſeries continued 
ad infinitum. 


Ex. 1. Required the ſum of the ſeries 144 ＋44 | 
2 4 


&c. ad infinitum. 
Here a = 1, and I A; 
2 
„ r 
1 22 i 
2 2 >, 
Ex. 2. Required the ſum of the E + 9 2 
FRY 1. T &c w +45 + 78 + &c. ad 
N 


infinitum. 
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Here a f, and r — 2; * — : — mY 


„% RF" ow ww 


Ex, 3. Required the ſum of the ſeries . 


HER. 
+ i &c. ad infinitum, 
2.3 


Here a , andy -I; 21 = 171 
LS 2 3 
2 4128 
2 3 & 
Any number, conſiſting of the ſame figure or 
figures repeated, forms a geometrical ſeries. 


Thus 66666 is a geometrical ſeries of 5 terms, 
whoſe 1ſt term is 6 or 6000, and common ratio 10 


or _ according as we ſuppoſe the ſeries to begin 
0 i | 


at the 6 units or at the 6 tens of thouſands; Again, 
2727.27272727 is a geometrical ſeries of 6 terms, 


; 2 N 1 
where a'= 22. —— or 2700, and 100 or —, 
100,000,000 Ioo 


Hence, from the equation s = — we may 


- find the limiting value of any circulating decimal, 
or the vulgar fraction, from which it aroſe, (ſee 
Dec. fractions, art. 160, 161.) 


Ex. 


GEOMETRICAL SERIES. 59 


Ex. 1, Required the yalue of .333, &c. ad 


. . 0 I 3710 
mſlnitum, a = S, FP = — „. 42 
ufi 18 2 2 


Ex. 2. Required the value of . ogog, &c. ad 


inſinitum. E. 2; * 4 3 9-100 


100 100 1—1+100 
100-1 11 1 
ö * © 


The ſum of a ſeries ad infinitum is, in practice, 
more expeditiouſly obtained by purſuing the me- 
thod in art, 62, than by employing the expreſſion 


— thence deduced. | E. g. if 1 4＋ = + - + 8 
+ &c. = 1, multiplyſng both ſides by 2, 

4 ile 1 + 2 +5 + g Kc. (which is 2 + 5) 
=25 4 2=25—5=5, If .ogogog, Kc. = «5, 
09.0909, &c. = 100 , or 9 + 5 = 10057; . 9 


1 
= 99 , and s = 1 


If 1123.123123, &c, = 5, 123123. 123123, &c. 
123000 


looo g and 123000 99S whence s = —. 
| 999 


H 2 Ta 
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To find the ſum of the ſeries 
a + ar + ar Ny + + ar” is the ſame thing 
as to find what fraction, when the numerator is 
actually divided by the denominator, will produce 


that ſeries of terms; and ſuch fraction is fourd to 
Ke ar"— 4 


And to find the limiting value of 


@ + ar + ar. &c, ad infinitum is to find what 
fraction will by the ſame actual diviſion produce 
the ſeries a+ar+ar?, &c. with a perpetual re- 


mainder - ar”, which fraction is — (fee divi- 


ſion Ex. art. 170.) 


CHAP: 


CHAPTER III. 
OF INCOMMENSURABLES. 


68. AT TER or extenſion, when it becomes 
vu the ſubje& of Arithmetical computa” 
tion, is conſidered as conſiſting of congeries of 
ſimilar parts. Lines as being compoſed of a 
number of leſſer lines; ſurfaces of leſſer ſurfaces; 
and ſolids of leſſer ſolids, And an enquiry is in- 
ſtituted concerning how often one portion of ex- 
tenſion is contained in another of the ſame kind ; 
or, ſuppoſing the two lines, ſurfaces, or ſolids to 


be divided into any leſſer portions, all of equal 


magnitude, concerning what number of theſe por- 
tions will be found in each of them, And if any 
two portions of linear extenſion, that can be con- 
ſtructed, could be formed by putting together in 
one line certain number of leſſer particles of li- 
near extenſion, all equal among themſelves 


to make up the other; if in the ſame manner any 
two portions of ſuperficial extenſion could be 
formed by joining the bounding lines of equal ſu- 
perficial particles; and of ſolid extenſion by the 
junction of equal ſolid particles, then all Mathe- 

matical 


ſo 


many to make up one of the portions, and ſo many 


| 
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matical quantities would be commenſurable : For 
whatever is made quantity, is meaſured either by 
number, or by extenſion; the only ideas we have 
of magnitude, being of different numbers of 
things, or of things of different dimenſions, 


69. But the different portions. of extenſion, 
which occur in Mathematical enquiries, are not 
always what could reſult from any ſuch compoſi- 
tion by addition of equal parts, Two lines, two 
ſurfaces, or two ſolids may be conſtructed, one of 
which ſhall be no exact multiple, part, or parts 
whatſoever of the other, Thus (as will be ſhewn) 
the ſide of the ſquare is incommenſurable with 


the diagonal; it is not "ths of the diagonal, what- 
m 


ever m and n be taken: If the diagonal be di- 
vided into a million equal parts, the ſide will not 
be found exactly equal to any certain number of 
ſuch parts; nor if the diagonal be divided into 
any other number of equal parts, how great ſoever 
that number be, and conſequently, how minute 
ſoever the parts be, will the ſide be exactly equal 
to a certain number of them, 


70. Magnitudes of this deſcription are ſaid to 
be incommenſurable with each other, as having 
no common meaſure, 


71. Numbers, as was obſerved in Chapter I, 
Vol. I. are the exponents of magnitudes: To ſay 
that any two numbers are commenſurable with 

each 


* 
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each other, is only to ſay that two magnitudes, 
one of which can be expounded in terms of the 
other, are commenſurable—an identical propoſi- 
tion,* 


72, To magnitudes, that are incommenſurable, 
it is evident that the doctrine of ratios, as deli- 
vered in Chap, IX, Vol. I. cannot be applied. 
For the definition there given of equal ratios, is 
reſtricted to ſuch magnitudes, as are multiples or 
parts one of the other; or, which is the ſame 
thing, to ſuch as can be expreſſed by numbers; 
and will not determine whether the ratio between 
two incommenſureble magnitudes be, or be not 
equal to that between other two magnitudes; or, 
to ſpeak more ſtrictly, proportionality would not 
from that definition attach to incommenſurables. 


73. Yet, ſince there is found between certain 
incommenſurables a relation very analogous to 
that defined in the article quoted above——a re- 


lt may not be amiſs to obſerve here, that this commenſurability 
of numbers extends to fraQtions, ſince any two fraQtions muſt be mul- 
tiples or parts one of the other; or in other words no ratio is ex- 
preſſible in ſradions but what is alſo expreſſible in whole numbers. 


For let and - denote any two fractions, a, b, e and d, being whole 


ST 


numbers; then 7 == X 2 or is that multiple part or parts of 


5 which is expreſed by the fragion —: In other words 2; < 


2: ad : de. 
lation 
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lation, which the mind in every view of the ſub- 
je& does as it were naturally conſider as belong- 
ing to that proportionality, and which, in quanti- 
ties that are commenſurable, does altogether coin- 
cide with it, ——it has been found ſerviceable to 
Mathematics to lay down a more general defini- 
tion of proportionality; one that ſhall include 
quantities incommenſurable as well as commen- 
furable. 


In order to prepare the reader to admit the 

utility of this definition, and more clearly to diſ- 
cern its bearings and connexion with that already 
given, the following account may be premiſed, 


74. It is found that there may be four magni- + 
tudes, 4, B, C, D, either all of the fame kind, or 
A and B of one kind, and C and D of another, of 
ſuch a nature, that though A is incommenſurable 
with B, and C with D, yet in whatever manner 
A exceeds or falls ſhort of B, in the ſame manner 
Cexceeds or falls ſhort of D: ſo that, for exam. 
ple, if A be greater than B, C is greater than D, 
—if A be greater than the double of B, C is 
greater than the double of D, if A be leſs than 
the triple of B, Cis leſs than the triple of D; 


In general, if A be greater than Bhs of B.-C is 
Ju | 
| $ 
greater than —ths of D,——if Abe leſs than 


mH+1I 
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; of B, C is leſs than _ "ths of D. 80 
that whatever multiple, part, or parts of B differs 
very little from 4, the ſame multiple, part, or 
parts of D differs very little from C; and if 4 
differs by exceſs, C differs by exceſs, if by de- 
fed, C by defect. An example of this is found in 
the ſides and diagonals of any two ſquares: let 
S and D denote the fide and diagonal of any 
ſquare, 5 and d, the ſide and diagonal of any other 
ſquare. Then D is greater than S; alſo d is 
greater than . is leſs than twice S; alſo 4 
is leſs than twice . D is greater than 14 10ths 
of S, but leſs than 15 10; alſo dis greater than 
14, but leſs than 15 10ths of s,——D is greater 
than 141 1ooths of S, but leſs than 142 100ths of 
S; alſo d is greater than 141, but leſs than 142 
10oths of 5, D is greater than 1414, but leſs 
than 1415 1000ths of S; alſo d is greater than 
1414, but leſs than 1415 1000ths of 5: And thus 
we may proceed for ever, diminiſhing * fine limite 
the difference between the defective and the ex- 
ceſſive values of D or d, the limits of d in 
terms of. being always found the ſame as the 


* For the difference between 14 and 15 1oths of S, is - be- 
10 


tween 141 and 142 100th; of S, 2.1 ; and the ſucceeding differences 
100 


are but a 1000th part, a 10000th part, 2 an 100,000th part, &c. re · 
ſpectively, of 5. : 


I limits 
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limits of D in terms of S, yet never finding a 
fraction, that will exactly expreſs D and *d in 
terms of S and 5 and that, whether theſe deci- 
mals, or any other fractions be employed.“ 


75. Any four magnitudes of this nature are 
made proportional by the following 


DEFINITION, 


The ratio 4 to B is the ſame as the ratio of 
C to D, if, taking m and u any two numbers 


whatſoever, when 4 is leſs than Z B, C is leſs 
. * 5 


than D; when A is equal to + B, C is equal to 
n | n 


T D; when 4 is greater than = B, C is greater 
7 n 


| than D. 
n 


This is Euclid's definition expreſſed fraction- 
wiſe, according to the modern method of Alge- 


braic notation. For if A be leſs than B, and C 
n 


leſs than D, n A is leſs than mB, and nC is leſs 


than m D. If A be equal to B, and C equal to 
* | 


* It is aſſumed here, that D and d are thus inexplicable in terms 
of Sand 5c, 


m 
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D, nA is equal to mB, and C equal to n D: 


If A be greater than B, and C be greater than 
n 


=D, nA is greater than B, and C greater than 
n YT ; 


m D. Or, © any equimultiples whatſoever, (u A, 
n C) of the firſt and third being taken, and any 
* equimultiples whatſocuver (m B, m D) of the ſ:cond 
* and fourth ; if the multiple of the firſt. be leſs than 
* that of the ſecond, the multiple of the third is alſo + 
© leſs than that of the fourth; or if the' multiple of 
© rhe firſt be equal to that of the ſecond, the multiple 
© of the third is alſa equal to that of the fourth ;_ or 
* if the multiple of the firſt be greater than that of 
* the ſecond, the multiple of the third it alſo greater 
© than that of the fourth. Simſon's Euclid, B. 5. 
definition 5. 


576. If commenſurable a be proporti- 
onal according to this definition, they are pro- 
portionable according to the former definition, 


For if A be commenſurable with B, and C with 
D, A is equal to certain parts of B, and C to cer- 


tain parts of D; let I 2B, then if A, B, c, D 

be proportional, C = D; but if B, and 

1 | $ £5,018 

C=>D, A+B 3:.C : according to the 
+ | 


former definition, 
D 12 — — 
— „ 
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. 77, If four magnitudes be proportional accor- 
ding to the former definition, they are proporti- 
onal according to this definition. 


For let A : 1 U e to the for- 
mer definition: — let A = 7 ” B, and conſequently 


=? D. Take mand » any two numbers what- 
7 


ſoever. Then if & be leſs than” B, * muſt 
n n 


be greater than P „and therefore, ſince C = 7 5) 
N . 


C is leſs than D; if A be equal to = B, (2 muſt 

* n 3 

be equal to . and) Cis equal tor D; if A be 

greater than 5 B, 6 muſt be leſs than £ . and ) 
| 7 


C is greater than 41 D: Agreeably to the defini- 


tion, 


78. If there be three magnitudes A, B, C, and three 
numbers, a, b, c, whole or fractional, and A be to 
Basatob,alſoBtoCasbtoc, A will be to C as 
a toc: And if A, B, C be in continued propor- 
tion ſo are a, b, c. 


For ſince A: B * 4 , A= x B and 
ſince 
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ſince B: C:: 3; 6, B =" * 


a 

b 

and A: C:: a: c. 

alſo if A: B:: B: C, then ſince 
A: B:: 2: , a: bo: B: C 

bat Z: C2] :; C . 3: 123: e, 


79. If there be any number of magnitudes A, B, C, 
D, &c. and as many numbers a, b, c, d, &c. and we 
have theſe proportions, viz. 
An e:; n Wii 


c 4; &c, then will the ratio between any two 
of the magnitudes A, B, C, D, &c. be equal to the 


ratio between the correſponding two of the num- 
bers a, ö, c, d, &c. And if A, B, C, D, &c. be 
in continued proportion, ſo will a, 6, c, d, &c, 


a da c 
For D = -. C= (by laſt art.) - = A = 
or — (by la art.) 2 * 


"A r 42 : 4; and in the ſame man- 


ner may it be proved of any other two. 


Alſo if A: B:: B: C:: C: D:: &c. 
then, ſince, by the laſt art. a: 5: 2 
e n en d and d on, „en 


: d:: &c, 


—— — 
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80. The real exiſtence of incommenſurables may 
be demonſtrated by proving, that if an integral 
number has no integral root, neither has it any 
fractional root, e. g. by proving, that there are no 


22 
two numbers, à and 6, ſuch, that 175 = *' For 


it is mewn, in Euclid (B. 6, P. XIII that a mean 
proportional between any two given lines may be 
found by conſtruction: Let two lines be in the 
ratio of 1 to p, (þ being an integral number) and- 
be denoted by A and y 4; and let M denote the 
mean proportional between A and pA, then if all 
lines were commenſurable with each other, M 
muſt neceſſarily be commenſurable with 4 —— 


let M = Z x 4; then, by the definition of pro- 


2 | 
. . | mM m 72 5 
portionality, p F= = „ „„ Hf ie! B 


1 1 n * 
x A, and p = — whence 72 5 i. e. if all 


lines were commenſurable, any number p would 
have a ſquare root; if therefore it can be ſhewn 
that there are numbers, which cannot be produced 
by the multiplication of any fraction whatſoever 
into itſelf, it will be proved that incommenſura- 
bles do exiſt. 

Nov if it were true that whatever number p be 

: 


taken to denote, / may equal 4 „or p equal 5 , 


we 
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we ſhould have pn= — i. e. although (by hy- 


potheſis) itſelf be not diviſible by u without a 
remainder, yet m would be ſo diviſible, con- 
taining u, pn times; or n would be a factor of 
m m: But it may be proved that if two or more 
numbers be multiplied together, (whether they 
be” the ſame or different numbers) the product 
will contain no factor but what multipliers con- 
tain; i. e. if the product be diviſible without a re- 
mainder by any number, that number is either 
one of the multipliers, or a factor of one of the 
multiplicrs, or the product of two or more of the 
multipliers, or their factors. Thus if we multi- 
ply together the numbers 2, 6, 7, 11, the product, 
924 will be diviſible by no number except 2, 2, 3, 
7, It and the products that may be formed out of 
them ſuch as 2x 2, 2 * 3, 7x 3, &c. 


81. In order therefore to eſtabliſh the exiſtence 
of incommenſurables, it is neceſſary to conſider 
the nature and compoſition of integral numbers 
with reſpect te their factors. 


OF THE COMPOSITION OF NUMBERS. 


Note ; in the ſucceeding articles by <1 number” 


is meant any integer, and among the factors of 
a number is not included either the number 7t/elf, 
or unity; thus though a = gt, a and r are not 
here called factors of a, 


Alſo, when any num- 
ber 
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: ber is ſaid to be diviſible by another, it is meant 
to be diviſible by it without a remainder, In this 


ſenſe 6 is diviſible by 3, but not by 4. 


82. EVERY number is either prime or compo- 
ſite. | 

83. A prime number is one, that is not diviſi- 
ble by any other number, except by unity; or in 


other words, that is not compoſed by the repeti- 
tion of 2, of 3, of 4, or of any higher number, 


Thus 1, 2, 3, 5, 7, 11, 13, 17 are prime num- 
bers, | - | 

84. A eompoſite number is one, that is diviſible 
by ſome other number greater than unity; or, 
that is compoſed by the repetition of 2, of 3y of 4, 
or of ſome higher number, 

Thus 4 is a compoſite number, being diviſible 
by 2, or equal to 272; again, 6 is a compoſite 
number, being diviſible by 2 or by 3; or equal to 
373 or to 214272. | 

85. Every compofite number is the product of 
two or more prime numbers, greater than unity; 
which are called its prime factors. 


Thus the prime factors of 30 are 2, 3, 5, 
30 being equal to 2x 3 5; the prime factors of 
175 are 5, 5, 7. — 175 being equal to 5 x 5x7. 

86. When a number will divide two or more 
numbers without a remainder, it is called their 
common meaſure. 


Thus 
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Thus 5 is a common meaſure of 15 and 45, be- 
ing contained in the former exactly 3 times, and 
in the latter exactly 9 times; again 4 is a com- 
mon meaſure of 4 and 20, being contained in the 
former once, and in the latter 5 times. 


85. Numbers, which admit of no common mea- 
fure but unity, are ſaid to be prime to one an- 
other, 


Thus 4 and 9 are prime to each other, 


86, From the above definitions it follows that 
no even number, except 2, is a prime number, 
For any other even number has the factor 2. Alſo 
that all prime numbers are prime to one another: 
For prime numbers have no factors; but a com- 
mon meaſure to two numbers, that is greater than 
unity, muſt be a factor to one of them at leaſt, 


PROPOSITION, 


87. If two, three, or more prime numbers be 
multiplied together, their product will not be di- 
viſible by any other prime number; or, in other 
words, the ſame number cannot be the product of 
two different ſets of prime numbers. 


Dem“ If poſſible, let the number M be equal 
to ax x c., x d and allo to pxqxr.,.xs, where 
the ſmall letters denote prime numbers; à, 6, c, 
&c. being all different from p, 9, r, &c. and à be- 
ing greater than p; then ſince abc. d = pgr. 4 

K £5 of 


',.-@ 
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2 = _ 2 let p be ſubtracted as often as poſ- 


ſible from a, and the remainder be E; and let bc. d 
be ſubtracted as "ou from gr. g, and the remain- 


der be R; then * 


= =» and E is leſs than p by 


unity at leaſt: het p be ſubtracted as often as 
poſſible from a, and R as often from gr., and the 


=, and F is 


remainders be Fand S; then 
greed 


leſs than E by unity at leaſt; Thus the fubtrac- 
tions may proceed till at laſt there will ariſe a 
fraction equal to , whoſe numeratoris unity} 
_ — 
then ſince 2 E 

7 9. 7 
= J. It is proved therefore that if pgr..s a4 di- 
viſible by @, ſo is qr.s: In the ſame manner it 
may be proved that if grs be diviſible by a, ſo is 
7. 4 and thus we may proceed, whatever number 

of factors be ſuppoſed between r and , till we 


let this fraction be £ 


*I p be contained in a, u times and no oftener, be.. is contained 
in gr. , n times and no oftener ; let a = np+E and gr. ne. i 
+ R; then fince a: p :: gr. : bed. 

a: np :: grs : nbcd 
and p: a :: gri—nbcd : grs 
or Z: 4a :: R: gr 
5282 
. # R — 97. 

+ None of the remainders can be o, till after the remainder 1 bas 
has ariſen, becauſe a, being a prime number, cannot be an exad mul- 
riple of E, F. & · i. e. cannot be exhauſted by ſubtrading from it as 


often as poſſible any number E or F, &c. greater than unity. 
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come to the laſt factor 5, and find that s, a prime 
number, will be diviſible by a, another prime 
number; which is abſurd; ,*, &c, 


The factors a, b, c, &c. may ſome or all of them 
be equal; ſo alſo may p, 9, r, &c. 


If it be ſuppoſed that in caſe ſome of the factors 
were common to both ſets, the products might be 
equal, let the two products be divided by all the 
common factors, and the products of the remaining 
factors would be equal; contrary to this demon- 
ſtration; ſo that if a number be the product of cer. 
tain prime factor, p, q, r, &c. among which a is 
not found, it is not diviſible by a, 


From this propoſition flow immediately the 
following articles, 


88. The product of any prime numbers is prime te 
the produdt of any other prime numbers, 


Thus, if a, ö, c, d, denote different prime num- 
bers, ab is prime to cd; à to cd; ai tc“; a bY 
to c* d, &c, &c, 

89. The product of any numbers, whether prime or 
compoſite, is prime to the product of any other num- 
bers, each of which others it prime to each of the for- 
Mer. 

For the prime factors in the one product are all 


different from the prime factors in the other pro- 
duct. 


K 2 ; Thus 


76 INCOMMENSURABLES, 


Thus if each of the three A, B, C, be prime to 
each of the four D, E, F, G, ABC is prime to 
DEF G. i 


90. tuo products, Ax M, B x N, be equal, and 
A and B be prime to each other, M contains all the 
fadors of B, and N all the factors of 4. 


. If two numbers, a and b, be prime to each 
2 they are the leaſt in their ratio, | 


For if poſſible let a : : a-: 5-2, 
then a- = bx a—y, and ſince à contains 


none of the factors of 5, - 2 muſt contain them 


all; but b—2 is leſs than b; ſo that a leſs number 
is either exactly equal to, or elſe a multiple of a 
greater; which is abſurd; . &c, 


92. 1f the numerator aud denominator of a fraction 
be prime to each other, the fraction is in the loweſt 
terms poſſible * 


For if a and b be prime to each other, and - 


| could be equal to — we ſhould have a 72 
2 


* 


= bx a—y contrary to the laſt ney 


# The truth of this article was not aſſumed in art. 120, Vol, I, 
nothing more was meant to be aſſerted there, than that the 
loweſt terms, that could be had by expunging common factors from 
the numerator and denominator, were to be obtained by dividing by 
their greateſt common meaſure. 

93+ 
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93. If two numbers a and b be prime to each 
other, any powers of them a", , are prime to each 
other. | 


For a“, 4, a“, &c. contain no other factors but 
a and the factors of a ; b*, b*, b*, &c, contain 
no other factors but b and the factors of ; . if 
a and b have no common factor, neither have 
4“ and 6, i. e. a" is prime to þ*, 


94. Hence if two numbers be the leaſt in their pro- 
portion, their ſquares, cubes, & c. will be the leaſt in 
their's, 

95. Ja fraction, robe in its loweſt terms no other 
fraction can be equal to it, but ſuch as has for its 
numerator ſome multiple of a, and for its denominator 

multiple of b ; as 22, 35, &c. 
ſome iple of b; a 25 35³ 


For if 5 = - „ aq = bp, and ſince b contains 


none of the factors of a, p contains them all, and is 
therefore a multiple of a; for the like reaſon 
q contains all the factors of &, and is therefore a 
multiple of 6. 


98. Va whole number has not a whole number for 
its root, it has no root at all. 


For let p have no whole number for its ſquare 
root, 
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root, and if poſſible let; be its ſquare root, or 7 


= P, à and b being prime to each other; then a 
= pb* . whatever factors are contained in 3˙, 
are contained in 45, contrary to the ſuppoſition, 
For à and 6 being prime to each other, a* and 5 
are prime to each other . &c,* 


In general let q have no integral nth root, and 
if poſſible let be the nth root of 9, or — —1 


a and b being prime to each other; then a" = 9b», 
and whatever factors are in &, are alſo in 4“, con- 
trary to the ſuppoſition, for if a and 6 are prime 
to each other, ſo are 4. and “ .. &c. 


PT 7 


That no even number, which is not diviſible by 4, as for ex- 
ample 2, or 6, or 10, can have a ſquare root, may be demonſtrated, 
independently of the foregoing articles, upon this principle that 
the ſquare (4 *) of any even number, 2n, is diviſible by 4. 


For let p denote any odd number, and conſequently 2p denote any 
even number not diviſible by 4; and if poſlible let / 2p = 7 ,a&b 


| ey” jo 
being prime to each other; then 2p = 7 . 2þb? = 4 „ a? 


is an even number (becauſe 2pb* js;) „. a is an even number 
(becauſe an odd number multiplied into itſelf produces an odd 


number ;) but à being even, a“ is diviſible by 4; .. gn orpb?, is 
2 


even, .. (ſince p is odd) b* is even . b is even; ſo that both a 
and h are even, . a and bare not prime to each other; being each 
divifible by 2, contrary to the ſuppoſition .*, &c, And particular 
demonſtratious may upon ſimilar principles be applied to other num · 
bers and to higher roots. 


Fence 
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Hence ſince the numbers 1, 2, 3, 4, Cc. in their 
natural order, are the ſquare roots of 1, 4, 9, 16, &c. 
no numbers but 1, 4, 9, 16, &'c. have any ſquare roots; 
there being no number whatſoever, whole or fracti- 
onal, which multipfied into itſelf will produce any 
one of the intermediate numbers, 2, 3, 5, 7, 8, 10, &c. 


Again, ſince 1, 2, 3, 4, Sc. are the cube roots of 
1, 8, 27, 64, Cc. no numbers but 1, 8, 27, 64, Cc. 
heve any cube roots: And ſo on in the higher pow- 
ers. 

99. 4 fradtion has no ſquare root, unleſs its loweſt 
terms be both ſquare numbers, u cube root, unleſs 
its loweſt numbers be both cul e numbers, and /0 on. 


For let 5 be in its loweſt terms, and let its 2 


root be - „e and d being prime to each other; 


then 7. = 5 and both theſe fractions are in 


their loweſt terms . a is c“ and b is 4“ or a and 
b are both of them powers. 


100. 1f two numbers, a and b be the leaſt in their 
proportion, and there exiſts a mean proportional be- 
tween them, they are both ſquare numbers, 


For let m denote the mean proportional be- 
tween @ and b ; then ſince a: m:: : , a: 
b :: a* : m; let e and F be the two leaſt whole 
numbers in the ratio ofa tom then 4a : :: : 


#* 
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V, and both ratios are in their loweſt terms; . 
aise*,andbis f, or a and b are both ſquares, 


In a ſimilar manner it may be ſhewn that if two 
numbers, a and b, be the leaſt in their proportion, 
and there exiſt two mean proportionals between 
them, @ and 6b are both cube numbers: And in 
general 


101. 1f twe numbers, a and b, be the leaſt in their 


proportion, and there exiſt n—1 mean proportionals 
between them, a and b are n powers, 


CO CEE HE > FEES 13 37 » Dn 
: h : b, where there are ſuppoſed to be u ratios, 
and conſequently r mean proportionals, p, 9, 
&c., a will be to b, as a top"; let e and / be the 
two leaſt whole numbers in the ratios of a to p ; 
then a: b:: “: , both which ratios are in 
their loweſt terms; .. à is e', and b is /, or a and 
b are both n powers. | 


102. If a ratio in its loweſt terms admits of no 
mean proportional number, neither does it in any 
other terms, | 


For let @ and ô be the loweſt terms of a ratio, 


and pa, pb, denote any other terms; then if? 


n 
be a mean proportional between pa and þb, or 
pa: 2 22 3 : Pb, dividing each term by p, we 


ſhall 
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mall have a Sab * and there will be 
3) 1 IS: wil 


a mean proportional, = LY „between in 5. 3 


＋ e A 4 


* 8 0 7 
+ # 1 

(2 4; oe) coy 
* KL — 34 "XX 


* 1 . 
% 7 F — 3 1 : 
=> — 
= 0 * . - 
* 1 1 ” # [t "4 4 *Y > 
. : 4 » L % # LL 4 4 — La 4 8 


ws 


103. Hence we may conſtruct as ; many i incom- 
menſurable lines as we pleaſe : For we have only 
to take two lines in ſuck a ratio, that the leaſt 
numbers in the ſame ratio are not ſtares, and the 
mean proportional line between them will be i in- 
commenſurable with either of them, 


For let 4 and B denote any two — "ha M. a 
mean proportional between them; then if 4 be 
commenſurable with M, 1 conſequently M with 


B, let & be to Mas 4 to my and Mito B as 0h 


then (art. 78) 4: ):: A: B, and. "IS age my. 
7 1 


i, e. if M be parry with A, there is a 


mean proportional, = — | between a and 6, two 
n 


numbers in the ratio of 4 to B: ene if 
A and B be taken in the ratio of two numbers 
that have not a mean proportional between them, 
M will be incommenſurable with A or with B.“ 


* If M be incommenſurable with 4, it cannot be commenſurable 


with g: For if A were certain parts of B, A would, by the definition 
ef proportionality, be the ſame parts of AM. 


L 04. 
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log. The Side (S) and diagonal (D) of a ſquare 
are incommenſurable with each other. 


For let 7 denote a third proportional to S and 
D; then, ſince by the 6th Book of Euclid, * if 
three ſtrait lines be proportionals, as the firſt 6 is 
to the third, ſo is any rectilinear figure upon the 
firſt, to a ſimilar and ſimilarly deſcribed rectilineal 
figure upon the ſecond,” it follows that S is to 7, 
as the ſquare upon S to the ſquare upon D; but 
theſe two ſquares are as 1 to 2, by the 47th of the 
iſt Book, and there is no mean proportional be- 
tween 1 2 2; . S and 7 being in the ratio of 
two numbers, which have not a mean proporti- 
onal between them, the mean proportional line, D, 
is  Incombienſurable with S. 


105. Any fraction, whoſe Guare exceeds 2, is 
too great for the Value of the diameter in terms 
of the ſide; and any fraction, whoſe ſquare falls 
ſhort of 2, is too ſmall for it. | 


For if LY be greater than 2, D cannot be ſo great 
n 

3 4 | 2 

as S, ſince on 8. would be as great as D, 

24 Wo 0: W n 


220 
or = X — 2 8, or — S; e. greater than 28, 
112.8 1 


which it is hot : And if oe be leſs than 2, D can- 
not be ſo fmall as — 8, ſince then 7 would be as 
77 w *% * — 


81 5 ſmall 
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ſmall as — $; i. e. ſmaller than 2 8. which, it is 
* 


not. This limitation of the value of D in terms 
of Sis denoted by the equation D=.4/2 x5, or by 
the proportion 8: D:: 1: V2.4 15,00 I 


Hence the decimal obtained in the operation of 
extracting the ſquare root of 2, is in cach figure 
the neareſt poſlible defective value of D. Now 
that decimal is yo &c. (ſee art,'205 Vol. J) 


Ta [TED than 2 2 8, dut leſs than Ei S; : '3 
19 "are? Nr, 


— greater than 145 S, but leſs than 12. Sz 
10 . 100 


&c. agreeably to 2 was aſſerted | in art, 74, 


106, In the Chapter on Evolution it was ſhewn 
that a whole number, having no integral root, has 
no terminating decimal root: But it was not to 
be inferred from thence, that no fraction whatſo- 
ever could expreſs the roots of ſuch numbers, 
ſince there are fractions which cannot be ex- 
preſſed by any terminate decimal. And if the 
decimal obtained in extracting the root of a num- 
ber could after any figure become a circulating 
decimal, the value of the previous figures toge- 
ther with the valve of the fraction, from which 
ſuch circulating decimal might ariſe, would be 
the exact root of that number. i, e. for example, 
if the figures obtained in extracting the ſquare 
root of a certain number were 3. 4121212 &c. ad 

L 2 infinitum, 
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inſinitum, which is equal to 3.4+,0121212 Ce. ad 
WY the ſquare root of that number would be 


3. ju by = 68 26 being the fraction, from whence 
01212 &c, * 

For if poſſible let N be a number, the figures of 
whoſe ma root circulate; and let 1 be equal to 
the. ſum of the value of the previous figures, and 


the value of the circulating part (the latter value 
being found A art. 66.) I ſay that in that 


cafe N = * oe M l Tor alf, Nabe nat 


R* 
1 to * let N = 2 4 = — x 
then 2% 5 (SET, 1 & the Wes a 


tained for "/ IN agree throughout with the deci- 
mal fraction obtained by dividing the figures of 
rA vy R; but the figures of Y by hy. 
potheſis agree with theſe obtained by dividing S 
by R, 5 the figures oft dE“ are the figures 
of S, or "/S"LdR" = „/r, which is abſurd. 


. in that caſe "/ N would be equal to $ ; but 


becauſe by hypotheſis, N has no integral root, 
neither has it any fractional root, > *. The de- 


cimatl, 
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cimal, obtained by the operation of extrafting the 
root of a whole number, cannot circulate. 


105, When the radical ſign is prefixt to a num- 
ber, which has no root of the propoſed denomi- 
nation, the expreſſion is called a ſurd, and ſome- 
times an irrational number, Thus y/2, /2, / 2, 
&c. 4/3, /, *4/3, &c. %, */4, &c. &c. are 


called ſurds, or irrational numbers. 


If it be aſked what ſuch expreſſions really mean, 
ſeeing that they have no numerical value, the an- 
ſwer is, that they denote mean proportionals be- 
tween certain magnitudes, and ariſe in the inveſ- 
tigation of the numerical value of thoſe mean pro- 
portionals in terms of the extremes; that they 
prove them to be incommenſurable with the ex- 
tremes, and at the ſame time point out the limits 
of their value.: Thus, if between two magni- 
tudes, A and B. we find the equation B= /2x A, 
it ſhews that B is incommenſurable with A, 
at the ſame time is ſhews that if the ſquare of a 


fraction, be greater than 2, B is not ſo great as 
n 


— A, that if the ſquare of a fraction, 5 „ be leſs 
1 


than 2, B is greater than : A. 


* 


But in order clearly to underſtand the nature 
of ſuch expreſſions, and the legitimacy of the oper- 
ations performed with them, and eſpecially when 


roots 
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roots are concerned of higher denominations than 
the ſquare, it is neceſſary to conſider the method 
of applying the algebraic notation and operations 
to the inveſtigation of geometrical magnitudes, 


— _—— _ ———————__ 
SCHOLIUM, 


106. VARIOUS objections have been urged by 
different writers againſt Euclid's definition of 
proportionality, Some have cenſured it as ob- 
ſcure and difficult to be underſtood ; but that 
fault if it exiſts at all, is in the ſubtil nature of in- 
commenſurable magnitudes and not in Euclid's 
definition, Others have complained that they 
cannot, without a demonſtration, diſcern whether 
quantities, that agree with the definition, are 
proportional or not; as if proportionality was 
ſomething independent of definition, Others 
again, defining numbers to be proportional, when 
the quotient of the firſt divided by the ſecond is 
equal to the quotient of the third divided by the 
fourth, have endeavoured to obviate the neceſ- 
ſity for Euclid's, by extending this their defini- 
tion to all magnitudes whatſoever; thereby en- 
deavouring to confound the diſtin&t natures of 
commenſurable and incommenſurable quantities ; 


for what is the import of the expreſſion, —,when 


and B are incommenſurable with each other? 
| A 
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A logical anſwer to this queſtion would diſtin- 
guiſh again what they thus endeavour to confound 
and blend together, and would ſatisfy the enquir- 
er, that if he would have an accurate knowledge 
of the real nature of magnitudes, be muſt take the 
trouble of examining into the doctrine of Incom- 
menſurables, and at the fame time ſhew him, that 
in point of conciſeneſs nothing is gained by thus 
endeavouring to elude Euclid's diſtinctions, and 
in point of perſpicuity much loſt; the erquiry 
being of that nicety and ſubtilty, which cannot 
be eaſily diſpatched in few words. 


Theſe and other objections are fully ſtated and 
anſwered in Dr, Barrow's Excellent Mathemati- 
cal Lectures, (Lec. 22 and 23) to which the reader 
is referred if he be not ſatisfied with the above 
obſervations, 


Theſe diſputes ariſe in a great meaſure from this 
circumſtance: Logicians, not converſant with 
the really exiſting properties of magnitudes, enter 


upon the ſubje& with preconceived “ popular no- 
tions 


* Incommenſurability is a property of magnitudes totally un - 
known to the generality of thoſe, who are unconverſant with Mathe- 
matical demonſtration. If ſuch be aſked whether the ſide and diago- 
nal of one ſquare be in the ſame proportion as the fide and diagonal 
of another, they will anſwer in the affirmative: But if more cloſely 
examined as to what they mean by proportionality, their explanation 
will meu they are no! aware that the fide and diagonal of a ſquare 
ha ve no common meaſure whatſoever, For, as Ariſtotle obſerves, 

* it 
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tions of proportionality, and finding at the very 
threſhold a definition, whoſe uſe; they know not, 
and which ſeems to them to render obſcure, what 
they conſider as a well known property, they con- 
clude it to be at leaſt an unneceſſary bar to the 
attainment of ſcience, and vaiuly .employ their 
logic to overturn its authority, Whereas, - if 
they would but firſt examine into the properties 
of magnitudes, they would be led of themſelves 
to diſcern the utility of ſuch. a definition, and to 
ſee how totally from the purpoſe (not to ſay un- 
meaning) are all their objections. 1 


The founders of . Geometrical ſcience certainly 
did not previouſly. lay down this definition 'of 
proportion, (deviſing it from abſtract conſidera- 
tions) and from thence inveſtigate the properties 
of magnitudes; but firſt diſcovering their proper- 
ties by ſome more circuitous rout, were led, by a 
certain analogy and connexion obſerved in them, 
to ſee how a tantologous and perplexing repeti- 
on of words might be ayoided, by giving a general 
name to a certain property; for that is the only 
uſe of the words, ratio, equal ratio,“ *duplicate” 
ratio, &c, &c, But when the truths diſcovered are 


*« it ſeems ſtrange to the many that the greater of two things of the 
** ſame kind cannot be exhauſted by ſome very ſmall meaſure of the 
* leſs.” Plato ſeverely reproaches the maſs of his Countrymen for 
their erroneous notions on this ſubject, lamenting their ignorance 
of ſo common a property, as ſhameful, and more fit for brute; beaſts 
than rational men. 


reduced 
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reduced to a ſcience, the general names and defi- 
nitions appear firſt, and the ſtudent is expected 
not to diſpute their utility, till he be acquainted 
with the properties whoſe inveſtigation thiey are 
deſigned to expedite, Yet as it is found diſagree 
able to the mind to acquieſce' in any thing, of 
whoſe utility it is totally ignorant, it would be 
better perhaps, if thoſe, who undertake to ex- 
pound ſcience, would relax ſomewhat from the 
rules of ſtrict Wethöck and indulge their diſciptes 
with ſome account of the uſe of their definitions. 


This object has not been neglected in the fore- 
going account of incommenſurables, And it 1 | 
hoped that the method purſued i in it will be found 
of itſelf in a great meaſure to obviate ſuch ob- 
jections, as thoſe above ſtated,” If any triffing 
faults with reſpect to arrangement be obſerved, 
the aan conſideration is ſubmitted as an 
apology— That the author has been able to 
meet with nothing on this ſubject of intommen- 
ſurables, excepting Saunderſon's treatiſe in his 
Algebra, at once full and logical. Saunderſon's 
method he did at firſt intend to adopt; but the 
want of one general propoſition in it, with an in- 
dependent demonſtration, from which the whole 
doctrine would immediately flow in ſuch a man- 
ner, that whoever had that propoſition fully eſta- 
bliſhed in his mind, could not fail of being able to 
demonſtrate the exiſtence of incommenſurables, 
induced him to ſet it aſide, and ſeek for an inde- 

M pendent 
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pendent demonſtration of the property of num- 
bers, that the product of any prime numbers is not 
. diviſible by any other prime number, 


It may appear raſh to diſſent from what has 
been ſo long and ſo generally received, but truth 
is more ſacred than Euclid ; though if any autho- 
rity could be allowed in Mathematics, it would 
be the authority of him, the unrivalled Father of 
that ſcience: But it muſt be confeſſed that in 
Euclid's doctrine of numbers in his 7th Book 
there is a broken link, which deſtroys the chain 
of reaſoning. This link is the 21ſt propoſition, 
which upon examination the reader will find to 
be undemonſtrated, hos; 


The propoſition aſſerts, and truly aſſerts, that 
if two numbers @ and b be the leaſt in their pro- 
portion, they will equally meaſure any other two 
numbers c and d, that are in the ſame proportion 
the leſs being an aliguot part of the leſs, and the 
greater the /ame aliquot part of the greater, As 
Maclaurin in his chapter on ſurds has followed 
the ſame method of demonſtration, which Euclid 
employs, I ſhall preſent it to the reader in his 
words, 


For if a and 6 are not aliquot parts of c and a, 
they muſt contain the ſame number of the ſame 
kind of parts of c and d, and therefore dividing 4 
into parts of c, and & into an equal number of like 
parts of d, and calling one of the firſt m, and one 

| of 
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of the latter 2; then as 92 is to n ſo will the ſum 
of all the us be to the ſum of all the ns; that is 
m: un :: a: b; therefore à and s will not be 


the leaſt in the ſame proportion; againſt the ſup- 
poſition. Therefore a and & muſt be aliquot parts 


of c and d.“ 


Now this demonſtration takes for granted what 
more requires a proof than the propoſition itſelf, 
For though it follows from the nature of propor- 
tional numbers that à muſt be the ſame parts of c 


that bis of d, a being © ths of c and b being =ths 
Cc 


of d, yet it does not appear that 5 can be divided 


into ſimple cru parts of d. For example 7 is 2 ths 


of 21: yet 7 cannot be divided into 5 integral 
parts, each a 157k part of 21. Neither ſuppo- 


ſing = reduced to any other terms, P , do we 
c 


[ 
— 


know that becauſe a is equal to : c , and 6b equal 


to 2 d, a and b can, one or both, be divided into p 


7 
integral parts. Therefore the demonſtration fails. 


But it was not on this account that Euclid's pro- 
poſitions were not adopted here, for the defici- 
ency of this demonſtration * might eaſily be ſup- 
| M 2 | plied; 


® As for example by the following demonſtration, where nothing 

is aſumed but what is warranted by the previeus propoſitions af the 
7th Book, 

If 
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plied ; but becaufe his method and order, how- 
ever excellent in themſelves, are not adapted to 
the preſent ſtate of Algebraje ſcience. 


If c be not a multiple of a, and conſequently d not a multiple of b, 
let the greateſt multiple of a, that is contained in e, be na, and the re- 
mainder of c be r: then the greateſt multiple of b, that is contained 
in d, is ab; let the remainder of d be 5s; theny and x are lels than 
a and 6 reſpeQtively ; 

and ſince a: b::c: d:: nar : . 
and a: b:: na : nb, na : ub: : na+r : ub: 
„„ na: 1b: : 17 : 2 „. 4: b:: 1 : , and a and 
are not the leaſt in their proportion, contrary to the ſuppoſition 
*. Kc, 


. CHAP. 


CHAPTER VV. 


OF THE APPLICATION OF ALGEBRA TO RECTILINEAR 
GEOMETRY, 


— — 


107. IF there be tworectan- 4 42 B 


—_ 


gles 4BCD, EF GH, and any four n 


numbers, à, ö, e, d, ſuch that 


C 
AB: EF :: a: c E 4 E 
and AD: EH :: 6b: d, > | 
H G 


the rectangle AC will be to the rectangle EC in 
the ſame ratio as ab to cd. 


For, by art. 78, the ratio compounded of the 
two ratios 4B : EF and : EH is equal 
to the ratio compounded of the two ratios 

a : c and b : d; the former compound ratio is 
equal to the ratio 4C : EG by Euc. B. 6 p. 23, 
and the latter is equal to the ratio ab : cd (ſee 
ratios art. 275) . AC: EC :: ab: cd. 


Note. 
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Note, It is not neceſſary for à and b to be in 
the ratio of the ſides A5, AC; nor c and d in that 
of the ſides EF, EC, 

The propoſition may be briefly expreſſed thus: 


The magnitude of a redangle varies as the product 
of the two numbers denoting the length of its ſides. 


108. Cor, If any line at pleaſure be called 1, and 
other lines proportionably, and that ſurface, 
which is equal to the fquare on the line 1 be alſo 
called 1, and other ſurfaces proportionably, the 
number of ſuperficial unities in any rectangle 
will be equal to the product of the numbers repre- 


ſenting its ſides. 

For let 4B be called 1, A B 
and let EF, EH, the ſides 
of the rectangle EC be 


reſpectively to AB as m D CG 


and x to 1; then, by the 7 


laft art., the ſquare on 


: EG:: 1x1 3 1 


::1 : nn, or EG contains 


mn of the ſquares on AB, 


This Cor. may caſily 


be demonſtrated, without | 


H 


poſite points of diviſion: 
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referring to the doctrine 1 12 of 


of ratios, as follows. Di- 
vide the ſides of EG into | 1 


unities Eh, c. Fh, G. | 
El, &c. and join the op- ö 


Then Ek contains m 1 


ſquare unities; and EG ** 
contains Ek, n times, and ii , 

| H 2 
*. contains 1 times E F 


ſquare unities, or mn 


— 
— — 


ſquare unities, 


_  — 
2 


109, Converſely to art. 107, if the two rectan- 
gles be as ab to cd, and 4B be to EF as a to c, 
AD is to EH as hto d. 


For ſince by hypotheſis the ſum of the two 
ratios AB : EF and AD : EH is equal to the 
ſum of the two ratios @ : c and b : d, ſubtract- 
ing the equal ratios from each ſum, the remaining 
ratios are equal. 


110. Converſely to art. 108, if the number of 
{quare unities in a rectangle be n, and the num- 
ber 


96 GEOMETRY: 
ber of linear unities in one of the ſides be m, the 
number of linear unities in the other fide is u. 


For taking m unities for the other fide, the rec- 
tangle will be un; . if the ſide were greater or 
leſs than u, the rectangle would be greater or leſs 
than n; contrary to the ſuppoſition, 


111. Cor. If the fide of a ſquare be , where m 
is either whole or fractional, the ſquare is , and 
vice verſa, 


Hence the exiſtence. of incommenſurables may 
be proved, For if the fide of an equilateral rec- 
tangle be commenſurable with the linear unity, 
let it = mm; then, n, the number denoting how 
many ſquare unities are contained in the rectan- 
gle, admits of a ſquare root; .*, in caſe this num- 
ber does not admit of a iquare root, the ſide is 
not commenſurable with the linear unity, 


112, If there be two rectangular Parallelepipeds 
ABCD, EFGH, (ſee plate, fig. I) and W. ſix * 
4, b, c, d, e , ſuch that 

AB : EF 3: 826 

BUY TO 11 83, 
and CD: GH: : , 
the ſolid AD will be to the ſolid EH in the ſame 
ratio as abc to def, 


For the ſolids are to each other in the ratio 
compounded of the ratios of their three ſides 


(Simſon's 
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(Simſon's Euc. B. XI, pr. D;) .*. by art. 79, they 
are to each other in a ratio compounded of the 
ratios a: d, : e ande: 7; .. (art. 275, Vol. I) 
they are to each other as abc to def. The propo- 
ſition may be briefly enunciated thus: The mag- 
nitude of redangular parallelepipeds varies as the 
product of the numbers denoting their three ſides, 


113. Cor, Hence if any line be called 1, and 
other lines proportionably, alſo the ſquare upon 
the line 1, or any area equal to it, be called 1, alſo 
the cube on the line 1, or any ſolid equal to it, be 
called 1, and other areas & ſolids proportionably, 
the number of ſolid unities in a rectangular paralle- 
lepiped will be equal to the product of the numbers 
denoting the three ſides, | 


 Forifa=b=c=1, AD will be the cubical 
unity, and we ſhall have AD : EH :: 1 : def, 
or EH will contain 4D def times, 

This corollary may alſo be demonſtrated in a 
ſimilar manner as art. 108. thus: 

The plane E G contains de ſquare unities, . if 
G H be divided into unities, and the whole ſolid 
be divided into lamina by a plane paſſing parallel 
to E G through each point of diviſion, the firſt of 
theſe lamina will contain de cubical unities, and 
ſince there will be F of ſuch lamina, the whole 
ſolid contains Ff times de cubical unities. 


114. Converſely, if two rectangular parallele. | 
pipeds be to each other as abc to def, and a ſide. 


in one be to a ſide in the other as à to d, the recs CU 


tangles under the remaining ſides will be to each 
N other 
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other as bc toef': or if the rectangles under 
two ſides in each be to each other as ab to de, 
the remaining ſides will be to each other as c 


to /. | 
115. If four magnitudes A, B, C, D be proport i- 
onal, and C be to D as the number c to the number 


C 
GAS -X B. 


For A is the ſame parts of B, that C is of D; 


but C . D, ** a * B. 

116. If each line be denoted by ſome letter, 
— the rectangle under any two lines, by the 
junction of the two letters produttwiſe, the 
ſolid parallelepiped contained under any three 
lines, by the junction of the three letters product- 
wiſe, any term in a proportion, by the ſame 
expreſſion, as would, if the letters denoted num- 
bers, be the numerical value of that term; e. g. 


a mean proportional between à and b, by V 4 b; 


a fourth proportional to a, b, and c, by =; the 


E of three mean proport ionals between à and hb, 


Va &c. &c. any ratio which is com- 
2 of other ratios, the ſame as in algebraic 
operations, viz. by the ratio between the product 
of the antecedents and the product of the conſe- 
N ; and therefore, ee to the fourth 


head, 
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head, any magnitude, that is to another in a 
ratio compounded of certain ratios, by that 
other, multiplied into the product of the antece- ; 
dents of thoſe ratios, and divided by the product 
of their conſequents; ſo that, for example, if a be 
to b in a ratio compounded of the ratios c: 4, e 
:f,g : h, and: J, it will be denoted by the 
proportion a: 6 ;: cegk : dl, and a will be 

cegh beegh 
denoted by h x FIT, r. 757 
tion of any ratio from another, (as in algebra) by 
dividing the antecedent of that other by the an- 
tecedent of the ratio to be ſubtracted, and its con- 
ſequent by the conſequent; e. g. denoting the ſum 
of the ratios abe: def — the ſum of the ra- 
zo +4 — and laſtly the half 


of any ratio by the ratio of the ſquare roots of its 
terms; the third part of any ratio by the rate of 
the cube roots of its terms, and fo on; e. g. ot- 


ing half the ratio abcd : efgh by Vabcd : adi 
an n part of the rat io abc : def by V: 


def; a 4th of the ratio : c. by *V ab ; 

cs, or *V@b : c; &c. &c. then whatever al- 
gebraic operations are performed with equations 
or proportions derived from geometrical queſti- 
ens, the reſulting equations and proportions will 
be true, in whatever light, agreeably to the above 
hypotheſis, the terms be conſidered ;, and if any 


N 2 equation 


the ſubtrac- 


tios gh : kl, by 
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equation ariſes, in which the terms denote neither 
lines ſurfaces nor ſolids, ſuch equation will be 
true, if conſidered as denoting either that the 
ſum of the ratios of the factors on one ſide to the 
factors on the other ſide, is a ratio of equality, or 
that the ſum of the ratios of the factors on one 
fide to any propoſed magnitude, is equal to the 
ſam of the ratios of the factors on the other ſide 
to the ſame magnitude; e. g. if we find the equa- 
tionabed = e fg l, it will prove that the ſum 
of the ratios abcd : efgh is a ratio of equality; 
or it will prove that if we take any line M, the 
ſum of the ratios a : M, b : M, c: M and 
d : M is equal to the ſum of the ratios e: M, 
F: M, g: M andk : M. 


In order to * prove the truth of theſe aſſertions 


generally, it will be neceſſary to conſider ſome of 
thoſe 


® To prove it in any particular caſe is very eaſy ; and if all mag» 
nitudes were commenſurable, it might be generally proved by ſubſti- 
tuting for magnitudes proportional numbers; for then the reſults, 
being true when conſidered as numbers, would be true if conſidered as 
geometrical magnitudes, on account of the analogy between producis 
and reQangles or parallelepipeds ; e. g. if ab = W, then, Gnce as 

N g 
numbers, ab: cd :: : gh, and ab : ed :: redangle ab: rec- 
tangle cd, redangle ab : reflangle d:: number ef : number gh; 
and refangle ab redlangle cd & the number 2 : et even then it 
8 

would be highly uſeful to conſider the operations at firſt without any 


reſerence to arithmetical computation. 


But 
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thoſe properties of ratios, which are analogour t. to 
the properties of numbers. 


Note, in the following articles the ratio between 
any two terms, that are not ſimple letters, denotes #' 
compound ratio, as explained above, And the ſigns 
+ & — between two ratios denotes the addition and 


ſubtraction of the ratios, not their terms, 


117. Any ratio, compounded of ratios of equality, | 


is itſelf a ratio of equality,* 
For. 


But the neceſſity for ſurds in applying algebraical notation to 
Geometry deſtroys the poſſibility of conſidering the quantities as 
numbers; and the operations with ſurds could not be eaſily ex- 
plained without referring to geometry, nor if they could, would the. 
legitimacy of applying theſe operations to geometrical enquiries leſs 
require to be proved generally: Thus, ſuppoſing the ſour numbers, 
a. b, e, d proportional, it will be found very troubleſome to explain, 
independently of geometry, what is meant by the proportion a: 
4b :: Ve: Vor by the equation V X VA vb 
X Vc, or by the equation V X /b = ab, provided theſe 
roots be irreduceable ſurds; and when that is explained, it will re- 
main to be proved, that two lines, whoſe ſquares are as a to b, are 
in the ſame proportion as two lines, whoſe ſquares are as c to d; and 
this is only a particular and” eaſy caſe of what muſt be explained 


generally, 7 


The neceſſity and force of demonſtrations of this kind concern- 
ing ratios are often but obſcurely ſeen by learners, on account of 
their not ſufficiently attending to the exact import of words. The 
ratio, which one magnitude has to another, is {aid to be compounded 
of any ratios that can be formed by making the. former of the two 
magnitudes the firſt antecedent, and the latter the laſt conſequent, 
taking for the other conſequents any magnitudes whatſoever, (of,che 
ſame kind) but making each conſequent the antecedent of the next 
ratio. Thus, if A, B, C, D, &c. denote any magnitudes of the ſame 

; kind 
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For let there be any ratios of equality a : a, 
b : b,c : „, Kc. then, ſince theſe ratios are re- 
ſpectively equal to the ratios @ : a, 4: a, &c, 
@ ; a, &c, the ratio compounded of them (by 
which is meant the ratio between the firſt antece- 
dent and the laſt conſequent of theſe other ratios,) 


is the ratio a: a, 


118. If to or from any ratio, A : B, there be ad. 
ded or ſubtracted a ratio of equality, the reſulting 
ratio will be equal to A: B; or a ratio is not 
changed by the addition or ſubtraction of a ratio of 
equality, 


For let : @ be the ratio of equality, and let 
A, 18 = 8.3: 3 then lince 

A 3 8 8.2 7 
and a : 4 :: r : , the ratio compounded of 
the ratios A: B, and a;: ais a: r; the ſame as 
the ratio A: B. 


Hence A: B — 4: 4 = A : B, becauſe ad- 
ding to both ſides the ratio a: a, we have A: B 
= A: B- 42: 42 A: B. 


kind, A is ſaid to have to B the ratio compounded of, or the ſum of 
the ratios AtoCandCtoB;ortheratios A to C, C to D and D to 
B; or the ratios A to C, Cto D, D to E and E to B; or &c. &c: 
And by a ratio compounded of ratios, whoſe antecedents and conſe- 
quents do not follow that law, is meant the ratio between two mag- 
nitudes, which is; according io that law, compounded of certain ra- 
tios, each reſpectively equal to each of the former. 

Thus, if a: b: m: n, and e: 4: : n: 2, by the ratio 
compounded of the ratios a: b , c: 4, is meant the ratio : 93 
and it is denoted by ac : bd. 

; 119. If 


119. F the antecedents or the conſeguenti of any 
ſimple ratios have their places changed one among 
another, the ſum of the ratios remains the ſame, 


For 1ſt let there be two ſimple ratios @ : b 
and c: d; and let c: d: r; then 
e 1 4 = d: r(Euc. B. 5: pr. 16) 
„ Pers =4a tr FLEETS 
e 
„r d S: d+c:6b; or any 
two ae may mutually change places, 


Let there be any number of ratios a : , c 
:d,ec ee 
: ts : b, the ſum of the ratios is equal to 
UI 4 4+ c. Again ſince 
c : bee: ge: Te: 6, the ſum of the 
ee in ent n + 44 AS 
c. where the conſequents are changed not mutu- 
ally; . any one of the antecedents may take for its 
conſequent any one of the conſequents- | 


2. 
d, 
d 


120. Hence the order of the fadtors in any expreſ 
ſion, may be changed ad libitum. Thus abe: def 
= abc: jade = dee 2: fed = && 


121. 4f to any ratio its iwverſe be added, the ſum 


is a ratio of equality, 


For abe: def + def: abc = abcdef : d:fabe 
= (by laſt art.) abedef : abcdef = (art, 115) a ra- 
tio of equality, 


I22, The 


| 
| 
\ 
| 
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122, The ſubtraction of any ratio from another 
produces the ſame ratio as the addition of the inverſe 
ratio, | | 

Für A: B-c:d=A:B—e:d 
— d: c +d;c=A:tB—-c:c—d: d+ 
d : c (art. 119) =A:B+94 : c (art. 118) 


123. The ſum of the ratios of the magnitudes in the 
extremes of a proportion to the magnitudes in the 


meant is a ratio of equality, 


Let abc &c, be to def &c. as gut, &c. Imn &c. 
I ſay that abclmn &c : defghk &c. is a ratio of 
equality, 


For to the ratio abe: def, and alſo to its equal, 
the ratio: /mn : ghk, adding the ratio /mn : gu, 
we ſhall have abclmn : defphk :: ghkimn : 
Imnghk :: ghklmn : ghkimn(art. 120) but (by art. 
117) ghkilmn : ghkimn is a ratio of equality, . 
abclmn : defghk is a ratio of equality, 


124. Converſely, if a compound ratio be a ratio of 


equality, then the ratio of any one of the antecedents, 


to any one of the conſequents, is equal to the ſum of 
the ratios of the remaining conſequents to the re- 
maining antecedents: Alſo, the ſum of the ratios of 
any two or more of the antecedents, to any tuo or 
more of the conſequents, is equal to the ſum of the 
ratios of the remaining conſequents, to the remaining 
antecedents, 


For 
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For let abclmn : deſgh be a ratio of equality; 
let a be to d as eg to i5clmn; then, by the laſt, 
the ſum of the ratios;/e/mna : efghkd is a ratio of 
equality; ſo alſo is the ſum of the ratios bcd/mna : . 
efghkd; . ſubtracting the common ratios from 
each ſum,s :e=b: e,. 2 b, and 4a : 4 
:: efghk : bclmn, And in the ſame manner it 
may be tere that ab : de :: ht: clmn; that 
ab!: :: deh : cmn; &c. Moreover, it is 
evident that the demonſtration does not depend 
on the number of factors. 


125. Cor. 1. Any proportion is true, if the term 
be taken allernately. 


For let abc : def :: gh: imm, then abclmn : 
deſghi is a ratio of equality, — abe gh :: 
def :-Imn, 


Note, The terms muſt all have the ſame num- 
ber of factors, 'otherwile the alternate propor- 
tion would have no meaning. | | 


126. Cor. 2. Any factor in one ene may 
change places with any factor 1 in the other extreme: 
and the ſame in the means, 


For * abc : def s: : ghk © Imn, abclmn = deſghl, 
„ abl : de:: eue mine, or c and / may change 
places; 

127. Cor. 3. The ſum of the patios, which each 
magnitude in the extremes of a proportion has to any 
propoſed magnitude of the ſame kind, is equal to the 

IEP 0 fam 


Jum of the ratios, which each ſk in the mean: 
has to that ſame magnitude, | 


For if abe: def :: ght Imn, abelmn : deſr 
is a ratio of equality; ,*, taking M any magnitude 
whatſoever, abchmn : defghk :: MMMMMM : 
MMMMMM and alternately, abchnn : 75 
defghk : M. 

This property is denoted by the equation abclms 
= defgkk. (ſee art. 116.) 

128, Cor. 4. Converſely, an equation of this kind 
may be thrown into à proportion, 

Thus if abc = def, i. e. if abe : MP S 
M', then (art. 125) abe: def :: M* : Mi, .. abe 
: def is a ratio of Wax *, (art. 124) a: 4: 
be : e, or ab: fd : e or &. 


129. The ratio between two fractions; each -of 
which have a factor common to the numerator and 
denominator, is not altered by expunging the two 
common fadors, 


Thus the ratio Vo * being equal to a : 4 


＋ 5 : c -= b: c, is equal to a : d. 


130. F two factors in a ratio, one being in the an- 
tecedent and the other in the conſequent, be multi- 


plied or divided by the ſame number, the ratio will 
not be altered, 


For 
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For the ratio between any two factors and be- 


tween their equi-multiples or Fenhub-multiples 
is the ſame, 


131. 1f one factor in any term be multiplied by 
any number, and another factor be divided by the 
ſame number, the ratio is not altered. 


For the ratio ab: cd is equal to the ratio 
na xi: ncxd, = naxb : dxme = nax2: d x 


[HRT hoy 
n * 


132. Hence, any numerical coefficient may be 
transferred from one ſadtor to another, 


For naxb : cd = @axnb : cd. 


Alſo, the numerical co-efficients may be collected to- 
gether, and their product be preſixt as a coefficient 
to the firſt letter : 


Thus 24x36 ; cd = 2x3 4 , = Gab; 
cd, | 


133. The numerator and denominator of a fraction 
may be multiplied or divided by any, the ſame num. 


ber. 
For let n denote any number, whole or fraQi- 
onal, then 5 : 5, = ate 5 4 2 4 2 0 4 


ud : nþ (art. 122) S : 'nb+nd ; 00 = : 
g O 2 8 N 0 
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nhb+d : 6c = (art, 119) na: : nb = na; c 


i na Cc N 
— 11 d FF notation, | 
Au a c abd cbd _ e 
| "Sos ODT ; 4 
nad nbc na ,c 


I LY "DH 
7 wy ca nid nbd nb 
134. In a frational expreſſion, any numerical co- 
efficient in the numerator is equivalent to its recipro- 
cal in the denominator ; and vice verſa. 


For expunging a co-eſlicient from the numera- 
tor, and multiplying its reciprocal into the deno- 
minator, is dividing both numerator and denomi. 
nator by that co-efficient, 


135. In multiplying or_divjdjng one expreſſion 
by another, the algebraic rules may be employed, 


1 73 
: ae (which is by definition half the ſum of the 
ratios : 4 cd: e,] is equal to half abcd ; 


— 5 3 
8's! = (by def.) ccd . 4e; + 7.8 -_ 


* or 2 : Cad 2 A 2 . l 4 = 
7 e 1 
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„ 
(by notation) = x + oh * 

136. From the above articles it follows, that 
all the operations of multiplication, diviſion, in- 
volution and evolution, conſidered as the compo- 
ſition and decompoſition of ratios, may be applied 
to geometrical magnitudes, 


For multiplication is then the addition of ra- 
tios, equals to equals; diviſion is the ſubtraction 
of ratios, equals from equals; involution is the 
addition of equal ratios together, or in other 
words, the multiplication of ratios; and evolution 
is the reverſe, or the diviſion of ratios. 

— 
137. The reſults of any operation will be true, 
if the terms be conſidered as geometrical magni- 
tudes, according to art. 116. 


To prove this, it is only neceſſary to ſhew that 
the ratio between any two expreſſions, of ſuch a 
form as to denote geometrical magnitudes, is, 
when conſidered as a compound ratio, the ſame as 
the ratio between the terms which they denote 


in proportions; e. g. to prove that =: : = © conſi- 


dered as the ſum of the ratios 4: d and 5: 


diminimed by the ratio 4 2 7 gives the ratio, 
| which 


— 
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which a 47k proportional to c, a and & has to a 44h 
proportional to /n d and e. 


Let then 4 and B denote any two geometrical 
magnitudes of the ſame kind, and C: D, E: F 


any two ratios imple or compound; then. 4 x 2 


and B x 7 x F will denote any two geothetrical miſe 


nitudes, (not * a radical form.) that may be 
derived from proportions; let them denote R and 
S, i. e. let R and $ be 47h proportionals to C, D, 
and A and to E, F, and B deren ; then ſince 
C: D:: A: R, and E: F:: B: S, CR: 

DA and ES : FB are ratios of equality (art. 123) 
.. CR: DA:: ES; FB, and (art. 125) CR: ES:: 


D4 : Fk, and R . 8: 22:2, . if BA 


* . 
be taken to denote R, E. will denote S. 


Again, let A, G, B, H denote any four magni- 
tudes ; then " / KG and " /B"'H will denote 


any two magnitudes, that are the firſt of m— 
mean proportionals between other two magnj- 
tudes; let them denote R and S; then A: R:: 
R: Ke : G ,and B : S::8:&c: u and 
as compound thc. Aa $6 2: A: RY. and-B:: 
H z; B* : 83; hence, as * . R“ : 87 3: 
ARC: B*"—H, . the wr parts of theſe ratios 
are 
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are equal, or R: S:: N= : FI, 


„„ if "/ A*—'G be 4 to denote R, r 
will denote S. 


If the two expreſſions he not ſimilar, with re- 
ſpect to the number of factors in their numerators 
and denominators, and conſequently denote no 
compound ratio, the demonſtration may be ex- 
tended to them by adding to the numerator and 
denominator of the leſs compound of the two, a 
competent number of equal factors to reduce 
them to ſimilaxrity, which will not alter the value 
of that expreſſion eonitidered as a geometrical mag- 
made. 9 ö 


Thus if a : 5 f d, ande: ys g:ik 


to ſhew that * and gf may be employed for d 
4 e | 

and I reſpectively, add to the numerator and de- 

nominator of the latter the factor e, or, which is 

the ſame thing, for the latter proportion ſubſti- 

tute the proportion e* : ef :: g: k 1; then 


the ratio 2 : 2 will be the ſame ratio as . h, 


and any equation or proportion between geome- 
trical magnitudes, derived from it, will be true; 
but any equation or proportion derived from 


2 2 may be reduced, without altering the 


value « the magnitudes concerned, to one, that 
might have been derived from = : . 3 there- 


fore 


8. 2 : of may be employed, 


For example, as geometrical magnitudes let 


„ =: mn 2: pq ; then ſquaring each 


term, and reducing, we ſhall find this value for 
c* viz, c Sele, or c a 4 proportional to 
pge , g*f* at and mn; a true proportion, 


becauſe if we employ'= gfe , we ſhall find c“ a 4 


proportionsl to reer and un; which is 
the ſame as the former 4 proportional, becauſe 
the ratios pe. ga and 1 re 

are equal. ö 


Since then it appears from Euclid that the ra» 
tio between any two products, each conſiſting of 
two or three ſimple factors, is, when conſidered 
as a compound ratio, the ſame as the ratio be. 
tween the rectangles, or rectangular parallelepi- 
peds, contained under thoſe factors; and it has 
been ſhewn that inſtead of any n under a 
ſimple form, ſuch as a, ab, a/c, its algebraical va- 
me, derived from any proportion, may, be ſubſti- 
| tuted, it follows that the operations of multipli- 
cation, diviſion, involution, and evolution may 
be applied to geometrical magnitudes, if the re- 
ſults be conſidered as explained in art. 116. | 

138. 


GEO METRY, 113 


138. It remains to be proved, 1 that the ope- 
rations of addition or ſubtraction may be emplo 7. 
ed in geometrical equations; 2% that if any mag- 
nitude be the ſum or difference of two or more 
magnitudes, that ſum or difference may be em- 
ployed in multiplication inſtead of the magnitude 
itſelf, agreeably to the algebraic rule © /ike ſigns 
give + unlike — *; and thirdly, that if the nume- 
rator of an expreſſion conſiſts of more than one 
term, the expreſſion is equal to the ſum of the 
quotients of each term of the e divided 
by the denominator, 


* 
Na 
45 


With reſpect to the firſt head, it is evident that 
the rules for addition and ſubtraction are applica- 
ble to any magnitudes whatſoever of the lame 
kind, inaſmuch as they depend on this principle, 
that if equals be added to or ſubtracted from 


equals, the ſums or remainders are equal. 


The ſecond head may be proved by means f 
the iſt propoſition of the 24 book of Euclid and 
of three other propoſitions, which may be demon- 
ſtrated in a ſimilar manner, That - propoſition 
ſhews, that if 4a = mern, the rectangle ab = 
mb Tub; in a ſimilar * manner it may be ſhewn, 
that if a = Mn, ab = mb — nb, and hence, as in | 
Algebra, it may be ſhewn, that if à and b, one gr 
both, be the ſums or differences of any 2 of 


V Or thus without any conſtruction: If a = mu, m= 2 t, 
and mb = ab Tb (by the iſt prop.) „. db = mb 1b. 


P parts 
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parts whatſoever, the value of the rectangle 4b is 
had by taking the rectangles under each part of a 
and every part of h, and prefixing + to thoſe rect. 
angles whoſc two ſides have like ſigns, and — to 
thoſe whoſe two ſides have unlike ſigns.“ Alſo, 
by demonſtrations ſimilar to the above, it may be 
ſhewn of rectangular parallelepipeds, that if @ = 
mn, ade = mde + nde, and hence that if the 
fators of a rectangular parallelepiped be compoſed 
of any number of parts, its value is had by mul. 
tiplying the values of the factors together as in 
Algebra, 


The third head is calily proved from 4Y pre- 
ceding, being ” converſe, For if a = m+n, and 
ma 22 ad 


conſequently = will be Nen to 


® Tt might ſeem at firſt ſigbt that the Iſt propoſition of the 2d 
"Book of Euclid would follow as a conſequence of the amlogy between 
rectangles and products, and that there is therefore na neceſſity for 
Euclid's demonſtration dy a conſtruction; but that analogy could 
not eaſily be applied to any other caſe than where the two lines and 
the 'two'parts, into wWhich'one of them is divided, are all commen- 
ſurable with one unother; and therefore would not ſerve generally: 
But this 1ſt propoſit ion being demonſtrated as in Euclid, and the ge- 
neral corollary concerning the redtangle under any compound lines 
being deduced from it, the nine following propoſitions (and others 
ſimilar to them) may be demonſtrated without any conſtruQion. 
-Such demonſtrations do not 1equire the Algebraic notation, but 
might proceed in the ſame manner as Euzlid's demonſtration of the 
12th prop, of the 2d Book; they are not to be confidered as nume- 
rical, for the uſe of that notat ion is only to abridge the number of 


vor ds. 
| md 
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md-, 14, becauſe, multiplying both ſides by e, 
e e 


the rectangle under A and e, i. e. the rectangle 
| | 6 | 


ad, is equal to the rectangle under XY and e + the 


rectangle under #d. and e, i, e. to the ſum of the 
- 


rectangles md + ud, 


Moreover, nothing untrue can ariſe from ex- 
tending this article to expreſſions, which do not 
denote geometrical magnitudes: Becauſe each 
ſtep in the proceſs may, by multiplication or di- 
viſion, be reduced to a true equation between ge- 
ometrical magnitudes, and the refult at laſt be 
the ſame as before, 


Thus, if a = m+n we may employ the equa- 
tion ade = mdef+ndef, and conclude that the 


equation adef _ macf + 2. or any other 
B 8 . 

equation derived from it, whole terms denote ge- 

ometrical magnitudes, is true. For ad = md 


Tad, . ad x L = d& T + 1d x 2 
F £ F 
adef __ mdef ndef 


* 


gs 8 8. 


or 
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139. It may be concluded therefore, that if 
lines, ſurfaces, ſolids, and compound ratios be 
denoted as explained in article 116, all the opera- 
tions of Algebra may be applied to the equations 
or proportions, derived from the data or conditi- 
ons of any geometrical queſtion, 


Example 1, Theorem. (the gth propoſition of 
the 2d Book of Euclid.) 


If a ſtrait line 4 5 be divided into two equal 
parts, (at the point C,) and alſo into two unequal 
parts, (at the point D,) the ſquares of the two un- 
equal parts (ſquare of 4D + ſquare of D B) are 
together double the ſquare of half the line, and of 
the ſquare of the line between the points of ſec- 
tion . (double of the ſquares of AC and CD), 


A C D B 


Let 4 denote 40, and & denote CD; then 
AD = a+b and DB = -; . the ſquare of 
AD + the ſquare of DB = a+D* + =D = 
a ＋ 2ab+P +@ —2ab+Þ = 24 zb = double 
the ſquares of AC and CD. QED. 

This propoſition may be demonſtrated by a 
conſtru@fon as follows: 


On 


thr 
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on AD deſcribe the 4 2 C D B 


| 1 
ſquare AL; take CE | 
— DB; AF = AC; 
AG = AE = CD; | . 
through E and C draw F K 
EM, CN parallel to | | | 
DL, and through G 2 | | 

M N L- 
aud F draw CH, Fx parallel to 4B, and meeting 
EM and CN in P and 2; then P DB”, CF = 
PL Ich, and CH = FM = CDV* ; And D 
+ DB* = AL + PR = CF + PL + CH + FM 
= M + AY + CD + TDY. 


Ex, 2. Problem, (The 11th prop of the _ 
book of Euclid.) 


To divide a given line, 4B, into two parts ſo 
that the rectangle: contained by the whole and 


one of the parts ſhall be equal to the ſquare of 
the other part, 


Let à denote the whole , H B 


It may be ſeen by this conſtruQion that AC+CDÞ (AL) = 
AQ + QL + CK + FN = AC» + CD* + 2XAC Xx CD; and 
that AC—C =D) or PQ) =PL + QL —- HN KMA 
AT? + CD2 = * AC x CD. | 
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line 4B, x the greater of the two parts, and and con» 
ſequently a- x the leſs; then (by . )Jaxa—x=x* 


„. * + ax S a and x* + ax + „ * — 


a 4 
„I = Vi" andxn (==; 
2 2 = 


if therefore from a mean proportional between « 
and 5 a (found by the 13th prop. of the 6th Book 
of Euclid) we cut off a line equal to a, and take 
FH equal to half the remainder, the rectangle un- 
der 4B and BH will be equal to the ſquare 
of AH, 

— 


140. A quantity not fractional or radical, is 
faid to be of as many dimentions, as there are ſim- 


ple factors in it, 


Thus b is of one dimenſion; : ab of two: 4“ of three; 
a* b of five. 

141. A fractional quantity is ſaid to be of as 
many dimenſions, as the number of ſimple factors 
in the numerator exceeds the number in the de- 
nominator. 


ave” - is of four; 


Thus 2 is of one dimenſion; 


2 of none. 


142. A radical quantity, if it be the ſquare root, 
is ſaid to be of half as many dimenſions, as the 
quantity 
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quantity under the ſign; if it be the cube root, of 
one. third part as many dimenſions; and fo on, 


Thus ad, ib are of one dimenſion ; 
Jab is of two dimenſions; an is of three 
dimenſions, * 


143. If the ſimpletexpreſſion for each line be a 
ſingle letter, then any expreſſion for a line will be 
of one dimenſion; any expreſſion for an area, of 
two dimenſions; and any expreſſion for a ſolid, of 
three dimenſions. 


144. Hence any fractional or radical expreſſion 
for a magnitude, may, either directly or after pro» 
per reduction, be diſtinguiſhed into two factors, 
one of which is a magnitude of the ſame dimenſi. 
ons, and the other a fraction of no dimenſions, 


6 


Thus the line 7 is equal to a x © the 
£43 K c 


bed 


ſolid = is equal to a x . 
* by 


The area V a*b* is equal to vb x — 


 o& x 
a*h? Laff ab 
equal to equal to ab x4 
85, a*b® a 
145 
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145. All the terms in any equation are of the 
ſame number of dimenſions, * unleſs heterogene- 
ous equations have been added together, which is 
never neceſſary, 


For any primary equations, that ſtate the con- 
ditions of a queſtion, being equations between 
lines, ſurfaces, or ſolids, cannot contain terms of 
different dimenſions; and by multiplication, divi- 
ſion, involution, or evolution, each term in an- 
equation has its dimenſions equally increaſed, or 
decreaſed; ſo that the terms in any derived equa- 
tion will alſo be, of equal dimenſions, 


146. If for the magnitudes concerned in any 
proportion or equation, f proportional numbers be 
ſubſtituted, the reſulting numerical equation 
will be true. $ 4.57] n 


For a ratio compounded of the ratios of magni- 
tudes is the ſame as a ratio compounded of the 


This conſideration is very uſeful in deteQing errors in a com- 
plex calculation, Thus, for example, if we find the value of a line 
to be a quantity of two or more dimenſions, we may be (ure that 
ſome miſtake has been made; and it is very eaſy to obſerve, in paſ- 
ſing, whether each term has the right number of dimenſions, 


+ If the magnitudes A, B, C, D, E, F, have a common meaſure M, 
and be reſpectively equal to aM,þM, cM, dM, eM, and FM, (the 
ſmall letters denoting numbers) A, B, C, D, E and F are ſaid to be as 
a, b. e, d, e, and f; now if we have the equation ABC = DEF, we ſhall 
have aM XbM q M = dM XeM xfM or (art. 132) abe M = def 
M3 .. abc will be equal to def, 


ratios 


* 


F 
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ratios of numbers, which are in the proportion of 
thoſe magnitudes; and the latter ratio is that of 


the product of the antecedents to the product of 
the conſequents. | 


147. If therefore in any equation each term be 
diſtinguiſhed into two factors, one of which is 2 
geometrical magnitude (of the ſame dimenſions 
for each term) and proportional numbers be ſub- 
ſtituted for the other factors, the reſult will be a 
true equation between geometrical magnitudes, 


Thus if abed = defg, and ab be to cd as 3 to 2, 
the rectangle 3cd will be equal to > the rectangle 
2. | 

If the factors, which are TONES magni- 
tudes, be of the ſame dimenſions as the entirę 
terms themſelves, the other factors will be frac- 
tions of no dimentions. 

Thus in the equation between lines, = = 
4. 22 
e en 
one of which is à line, the equation becomes 
4 * 7 = d x - 12 * „ the other factors 


=» Z are fractions of no dimenſions. 


if each term be divided into two factors, 


* 


b 
I 


In all caſes theſe other factors are each of the 
fame dimenſions, and if the terms were ſo divided, 


2 | that 
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that they were not, the reſult would be abſurd, 
as being an equation between ener of dif- 
ferent dimenſions. 


148, A fraction of no dimenſions may in a pe- 
culiar manner be conſidered as a number; becauſe 
if its numerical value be ſubſtituted for it, the re- 
ſulting equation will always be legitimate, which 
is not true of a fraction of any dimenſions, unleſs 
one of the ſame dimenſions in each term be at the 
ſame time converted into a number. 


Thus if ＋ = 2 and e be to as 3 to 4. 


abe 


= 3.8; but if e & and be as 3. 4, and 5, 


we cannot with any meaning ſay that = _ 


22 g, i. e. that the rectangle We is a 4th pro- 


— to 4, a and be, is qual to 12 5ths of ws 
line g. 


Moreover, if the numerator and denominator 
of a fraction of no dimenſions be magnitudes, i, e. 
be of not more than three dimentions, its nume- 
rical value may alſo be conſidered in this light, 
viz, as the number denoting how often the deno- 
minator is contained in the numerator ; for they 


will be homogeneous magnitudes: Thus = is the 


number 
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number denoting what multiple part or parts ab 
is of cd. And if the numerator and denominator, 
be of higher dimentions than three, the fraction 
may be diſtinguiſhed into- factors, each of which 
abed 

efgh 


admits of the above conſideration; thus 


ab cd abe 4 1 
= — X — = = &c.) is the pro- 
„„ 

duct of the two numbers ab and 4 or &c, 
ef gh 
Hence it is that fractions of no dimenſions are 
ſometimes ſaid to be abſtract numbers; and if 
A: B:: C: D, where A and B are ſuppoſed 
to denote two magnitudes of the ſame kind, and 
C : D to be any ratio ſimple or compound, A is 


put equal to 5 B where 5 denotes a number. 


149. By the preceding articles we are ſhewn 
how from the final equation in the ſolution of a 
geometrical problem, we may find the numerical 
value of the magnitude ſought, in terms of one 
or more of the given magnitudes of the ſame 
kind, —We may either convert the whole known 
ſide into a numerical expreſſion, and ſo obtain the 
numerical value of the magnitude ſought in terms 
of any one of the given magnitudes, or we may 
ſubſtitute a number for part only of the known 
fide, leaving the magnitude with which we would 

Q2 compare 
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compare the unknown quantity, with that num» 
ber as its co- efficient. 


Ex. 1. If x = 2 and aò and c be to each other 
3 


as 12, 2, and 3, and we would compare x with 5, 


2 =. = 8, and thence 


gather that x is to h as 8 to 2 i. e. that x = 4b; 


we may either put x = 


or Tubſtituting only for =, put x = = 26 
3 


The former methods the readieſt in radical 
expreſſions. Thus it x = Jab and @ be to b as 


4 to , putting x = A , we find x = Gorx:b 
3: 6:9: 2: 3; by the other method x = 


an ab a 4 2 
— — — — — * 5322 6. 
x. a. If * - + =, and a, b, c, d, ef be as 


the numbers 12,3, 4,316, 28 : + 5 4, or 2: 


5 :: 4: 2 :: 2 : 1; or ſubſtituting only for 


ad, and fo ＋ U + + e=((eee=2 5) 
rs of 2 

- 4. 5 25. 

1 8 2 6 TT 


150. 


GEOMETRY, n25 


150. If, in attempting to expreſs one magni- 
tude numerically in terms of another, a ſurd 
ariſes, it ſhews that the two magnitudes are in- 
commenſurable; but at the ſame time points out 
the limits of their relative values, 


Theſe limits are found by actually extracking 
the figures of the root indicated. 


For if we derive the equation A ="/pxD, 
(A and D being ſuppoſed to be two magnitudes of 
the ſame kind, and p to be a number, either whole 
or fractional) and p has an n" root, 9, A will be 
equal to 9D .. if p has not an n" root, any num- 
ber r, whoſe n power is greater than'p would be 
too great a co-efficient of D; for by hypotheſis, 
A“: pD* is a ratio of equality, and p is ſuppoſed 
to be leſs than r,... A* : 7” D' is a ratio of a e 
to a greater, or A is not ſo great as D: and in 
the ſame manner it may be ſhewn, that if“ be leſs 
than p, s is too ſmall a co-efficient of D, or A is 
greater than 5D. 


But the nearer “ or“ approach to p, the leſs 
will A: „D or A: D differ from a ratio of 
equality, and the leſs will A differ from D or D. 
Hence it appears, that by the operation of extract. 
ing the n“ root of p, we obtain ſucceſſively, as 
more and more figures are extracted, defective ap- 
proximating values for the co- efficient of D. 


Thus 
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Thus in the ſolution of the problem in art 139 


becauſe we find x = LE — 4 = * — 


and the figures of / 5 are 2.236, &c, we have the 
following defective approximating values of z, 


3 24— 4 a 2. ** 
VIZ. I 28 cnn 2 2d, x = 2 X a— 4 
2 2 2 
— . —— — — — — — = 3 34, x 
I / _ T2968 _ "2008 
yr — — — —_ 
| 2 2 2.100 200 


&c. &c, 


151. Theſe ſurds are no defect in the nature of 
Algebra, but a neceſſary conſequence of the pro- 
perties of extenſion: For the only buſineſs of 
Arithmetical operations being the inveſtigation 
of the numerical value of a quantity in terms of 
ſome other quantity of the ſame kind, if the quan- 
tity ſought be ſuch, as to have no definite value 
in terms of that other, i. e. ſach as to be no mul- 
tiple part or parts whatſoever of that other, it 
would be very abſurd if by the rules of Algebra 
we could obtain a value for it, | 


152, It is common, in order to render a calcu- 
lation leſs perplexed, to denote one of the given 


magnitudes by unity, When this is done, the 
different 
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different terms of an equation will often appear 
to be of various dimenſions, becauſe unity as a 
multiplier or diviſor, diſappears; and any expreſ- 
ſion will then ſerve to denote either a number, a 
line, an area, or a ſolid, Thus if unity be ſubſti- 


tuted for a, the lines — _ , 1 will be de- 
a* 


noted by h, bcd* and - ; the expreſſion bc may be 


be 
e either as 255 or —» Of be, or be x 1, 


And in order to reduce the terms of an equation 
in this caſe to uniformity, we muſt ſupply the de- 
' ficient numerators or denominators with powers 
of 1; thus " 9 c* b + cd* becomes c 


= 


=bx1+ . er —=b+ A n 


bx 1*+ Ln &c; 


It is to be obſerved, that in ſubſtituting num- 
bers for the other letters, reference muſt be had 
to the aſſumed unity; for each magnitude muſt be 
expounded by that number, whoſe ratio to 1 is 


the ſame as the ratio of the magnitude to the mag- 
nitude unity, 


— — 


153. Further examples of the analytical me- 
thod of demonſtrating geometrical proportions. 
; 1 
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Ex. 1. Theorem, (being the 47 of the 14 Book 
ef Euclid.) 


In any right angled triangle the dare on the 
hypothenuſe is equal to the ſum of the ſquares on 
the ſides, (ſee fig. 2.) 


Let ABC be a triangle right angled at A; front 
A let fall the perpendicular AD on the hypothe- 
nuſe BC; then (by Euclid prop. 8, B. 6%.) the three 
triangles ABC, ADC and ABC are “ ſimilar : Put 


* The doArine of ſimilar triangles is perſectly independent of the 
47. of the 1/. Book. 


The following curious method of demonſtrating this propoſition, 
without egtios, is given in Sagnderfon's Algebra. 


Out of eight triangles all ſimilar and equal to the triangle pro- 
poſed, let there be formed four rightangled parallelograms, AK, BL, 
CM and DN; (ſee fig. 3) and let them be diſpoſed as follows: Let 
EL the longer fide of the 24. parallelogram be placed in the ſame 
ſtrait line with EK the ſhorter ſide of the 1p. FM the longer fide of 
the 34. in the ſame ſtrait line with F L the ſhorter ſide of the 24. and 
GN the longer fide of the 4 in the ſame ſtrait line with GM the 
ſhorter fide of the 34.; and let a denote any one of the longer ſides, 
and þ any one of the ſhorter. Then from the uniformity and con- 
ſtitution of the figure, we ſhall have three ſquares, viz. ABCD the 
greateſt, EFGH the middlemoſt, and KLMN the leaſt. It is further 
evident that the greateſt ſquare exceeds the middlemoſt by four of 
the triangles above mentioned, and that the middlemoſt exceeds the 
leaſt by the other four triangles ; and conſequently that the greateſt 
and leaſt ſquares added together are double of the middlemoſt, But 
the ſide of the greateſt ſquare is AB = AE + EB = a+6; and the 
fide of the leaſt ſquare is KL = EL — EK = ab: Therefore the 

ares 
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AB = a; AC 235 BC = kh; BD = c, and DC 
= d; then ſince k 
hk: n, ms 4: > 1+ 40 
and hd = ; b* *. he + hd = a* + b*; but c+d 
=h, . ke+hd=h" . A = a* + b* QED, 

Ex. 2. Problem, Upon a given hypothenuſe 
(BC, ſee fig. 4) to conſtruct a right angled trian- 
gle, having an area equal to a given reQangle (b*,) 


Let k denote the given hypdthenuſe, x one ſide, 
annd y the other; then ſince the rectangle under 
the ſides of a right angled triangle is double the 
triangle, xy = 26*;;, and by the 47", 2* + y* 


b* 3 from the firſt equation, 5 = ＋ .*. from the 


2d, * +L nd * 1 


1 ra 


whence 8. = L. . ſs 
(rs — 4 b) which put = 4zalſog' = 
—.—5 . 
= F . nd = 


5 LI — which put = 5. 


area of the greateſt ſquare is a+d) 2 = a* + 2ab T bs, and, the 
Area of the leaſt ſquare is a—0} = az — 2a6 + bz, and their ſum 
is za? + 262, half of which, or @* ＋ 62 , is therefore the area of the 
middle ſquare ; but the middle ſquare is the ſquare on the kypothes 
puſe of he triangle propoſed ; therefore &c. QED, 


R 17 


If . two circles be deſcribed, one with center 
B aad * radius à, and the other with center C and 


There are many different ways of finding a and b, according to 
the, different views, in which the expreſſions are conſidered, The 
method, that will ſerve moſt generally, is as follows: — — 4 * 

4 


is compoſed of the four faQtors, %%, and 7 = » of which the 
5 Sh! | { 5 ; 


three It are given; and the laſt can be found, for 75 js 8 28 propor- 


't 26 
tional to k and 75 F ＋ is to be found by the xith propoſition 
| 4 


of the 6;k Book of Euclid, and thence, by the ſame propoſition, 
a h 
werke ſqundjand being ſubtraded from a v9 have - . 


— 4 becomes e 


which call e, then the refangle A X 4 * 


221 . i (a mean proportional between and e) is to be 

found by the ziiith of the 6:4 Book; let it be denoted by 4; then x 

= A lkd=hx ht + and x is had by taking a mean pro- 
OY 


portional between h and + 4. Ina fimilar manner y may bs 


conſtruded. 


It may be obſerved that any compound expreſſion of n dimenſions 


may be reſolyed inte » fators, »—1 of which are aſſumed; thus 
abc? ++ defg + hb* may be reſolved into four ſaftors, three of which 


| 1 h 
are ch ang for it is equal to May x == + 298 + 77s and 


if the magnitudes, which each of the letters denote, be given, each 

of the three terms in the compound fator may be found by the xith 

or lit of the G Book, - 
radius 
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radius 5, interſe&ing each other in A, and the 
lines BY, CA be drawn, ABC will be the triangle 
required. RF: 

154. The analytical ſolution of problems in 
right lined geometry, may always be effected by 
means of the compoſition of lines out of parts, and 
the ſimilarity of triangles; and confequently does 
not abſolutely require the application of any other 
propoſition in geometry than the firſt 46, in the 
% Book of Euclid, the 1/7 in the 2d Book, (with 
the general deduction from it, as explained in art. 
138) and the firſt eight in the 674 Book, together 
with a few of the ſucceeding, reſpecting the find. 
ing of zd, 4th, and mean propertionals, Theſe 
propoſitions, together with the doctrine of ratios, 
are ſufſicient, But at the ſame time it is to be ob- 
ſerved, that other propoſitions may often be ap- 
plied with advantage, both with reſpe@ to the 
brevity and facility of the ſolution, and to the 
ſimplicity and neatneſs of the conſtruction; eſpe- 
cially the 4th of the 1/ Book, and the 21/ and 
ſucceeding propoſitions in the 3d Book. 


155, It generally happens that a problem re. 
quires ſome ſcheme to be conſtrued in order to 
find the equations neceſſary for the ſolution ; and 
the ſame problem will often admit of many differ. 
ent ſchemes, all leading to the ſame concluſion by 
different ways; and here, as in numerical pro- 
blems, no general rules can be laid down, that will 
erve all caſes, but the choice muſt be left to the 
| R 2 {kil} 
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Kill and experience of the Analyſt. Yet the fol - 
lowing obſervations will be found of ſervice. 


Having deſcribed a diagram, which is fuppoſed 
to repreſent truly the quantities, both given and 
fought, that are concerned in the queſtion, if 
equations do not readily ariſe from it, as many in 
number as there are unknown quantities involved 
in them, the ſolution may be promoted by pro- 
ducing ſome of the lines till they meet, or become 
of an aſſigned length; or by drawing from ſome 
remarkable point lines parallel or perpendicular to 
others; or by joining ſome remarkable points; or, 
ian angle be given, by compleating the ſides into 

a triangle, either given, or ſimilar to a given one; 

by reſolving an oblique angled triangle into two 
rightangled triangles; by reſolving polygons into 
triangles; or by any other conſtruction, by which the 
ſcheme may be reſolved into triangles, either given, 
or ſimilar, or rightangled: For ſuch-triangles will 
always afford a ſolution, But if we wiſh to em- 
ploy ſome further propoſition in geometry, by 
which we think the ſolution may be more eaſily 
effected, it may perhaps be neceſlary to accommo- ' 
date the conſtruction of that particular propoſi- 
tion. 


The reader will find abundance of nnd to 
Jlluſtrate theſe remarks in Simpſon, Newton, 
Emerſon, Saunderſon, and others. 


I 56, 
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156. The obvious conſtruction of the final 
equation is often, in point of elegance, far inferior 
to one, that may be derived from ſome geometri- 
cal propoſition, which does not immediately ſeem 
to be connected with it: Thus the conſtruction 


2 
. — 4 
for the equation x = — 


„ in the problem 


in art. 139, by finding a mean proportional be- 
tween à and 5a, and ſetting off from the given 
line, a, half the difference between that mean pro- 
portional and a, is not ſo elegant as the following, 
derived from the 47th of the 1ſt Book. (Sce fig. 
5.) From A draw AE perpendicular to 4B, and 
equal to half AB. Join BE, and take AH equal 
to the difference between EB and EA; H is the 
point required, | 


For EB. =AB + AE = + — 2 
4 4 


„ EB =  5®* and EB — EA = AH = 
2 

ex. 

W 

Euclid's in his 2d book, 


I 57. It happens ſometimes that a problem ad- 
mits of a more elegant ſolution by conſtructing 
for each given condition ſeparately, than any, that 
can be derived from the analytical inveſtigation, 


This conſtruction agrees with 


For 
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For one condition will perhaps determine that 
the point, which when found ſolves the problem, 
muſt lie in ſuch a line, and another condition will 
determine that it muſt lie in ſuch another line; 
ſo that the interſection of theſe two lines will 
be the point required, 


Thus the problem in art, 153 may be ſolved as fol. 
lows. Seefig.6 Firſt, on BC deſcribe # parallelogram 
BCDE, whoſe area ſhall be double the propoſed 
area, (by cor. prop. 45 Book 1/7.) then by the 41ft. 
and 391% propoſitions of the r/t Book; the required 
triangle muſt lie between the parallels BC and EP; 
i. e. the vertex of the triangle muſt le ſorhe- 
where in ED or ED produced. Secondly, on BC 
deſcribe a femicircle BAG; and becauſe the angle 
at the vertex is to be a right angle, and no right 
angle can be ſubtended by BC unleſs it be con- 
tained by two lines drawn from B and C to {ome 
point in the ſemicirclar arc on BC, the required 
vertex muſt alſo lie in that arc; therefore it muſt 
be at A, the interſection of ED and the ſemicircu- 
lar arc, 


The lines, to which conditions ſeperately de- 
termine any particular point, are called the loci of 
that point: Thus the ſemicircular arc on BC is 
called the Locus of the vertex of right angled tri- 
angles deſcribed in BC as an hypothenuſe. 


Theſe conſtructions by the interſections of the 
Loci will always be found the moſt ſimple poſſible: 
But 
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But thoſe derived from an analytical inveſtiga- 
tion are in general the ſureſt to be obtained. 


1358. The real difference between an Algebrai- 
cal demonſtration, as it is called, and Euclid's 
Analytical demonſtrations, is often inaccurately 
apprehended. The Algebraical demonſtration is as 
truly geometrical as Euclid's doctrine of ratios is 
geometrical, It has no neceſſary connexion with 
numbers, otherwiſe than that doctrine has: It is 
not founded on the analogy between products and 
rectangles, nor does it in any inſtance require the 
application of that analogy. It differs from the 
method Euclid has employed in thoſe propoſiti- 
ons, which he demonſtrates analytically, in pro- 
ceeding more cloſely by the compoſition and de- 
compoſition of ratios, and in ſubſtituting 
for magnitudes the ſums of their parts, 


The analogy between products and rectangles is 
required in finding the numerical value of one mag- 
nitude in terms of another ; but the algebraical ſo- 
lution is compleated, without any conſideration 
of ſuch values, when it diſcovers how the magni- 
tudes ſought may be conſtructed; and the nume- 
rical relation between the magnitudes concerned 
in the final equation, is another, and different de- 
duction from it —— one indeed obvious to be 
made, by reaſon of” the connexion between ratios 
and the numerical values of magnitudes; and faci- 
Jitated by means of the algebraic notation, 


This 


This analogy may be ſtated generally as follows; 
Tf numbers be taken that have the ſame mutual ratio 
to each other, which certain magnitudes have, i, e, 
that are the Jame multiples or parts of each other 
mutually, as thoſe magnitudes are of each other; 
then the ratio compounded of the ratios between any 
number of pairs of thoſe magnitudes, is the ſame as 
the ratio between two numbers, the former of which 
is the product of the numbers proportional to the mage 
nitudes, that are antecedents, and the latter the pro- 
duct of the numbers proportional to the magnitudes 
that are conſequents, In other words, if the num- 
bers ab,c,d,e,f Mc. be proportional to the magnitudes 
A, B, C, D, E, F, &c. the ratio compounded of ther atios 
A: D, B: E, C: Fc. is the ſame as the ratio 
abe: def. From this we know that in any geo- 
metrical equation we may ſubſtitute for any ex- 
preſſion, that * appears under the form of a pro- 
duct, the real product of numbers proportional to 


* The reader muſt tecolled that ſuch an expreſſion as ab : cd is 
meant primarily to denote the ratio compounded of the ratios 4: c 
aud b : 4; but becauſe rectangles, as appears from Euclid, are to each 
other in the ratio compounded of the ratio of their ſides, ab and cd 
will alſo ſerve to denote the rectangles under the lines q and b, and 
the lines e and d : And ſo far numbers do not enter into conſidera- 
tion, —Butifa= 3M, and b = 2 M, and e = g M, and d = 
7 M, then ſince it has been proved (art. 132 and 118) that the ra- 
tio compounded of the ratios zM : 5Mand2M : 7M is equal 
to the ratio 6 M: 33 M, it follows that the ratio ab : cd is the 
ſame as the ratio 6M : 25 M, which ratio leaving out the common 
magnitude M, whoſe mnhiple the numbers denote, is called that of 


6 : 35. 
the 
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the magnitudes denoted by the letters in that ex 
preſſion. | 


The compoſition and decompoſitibn of ratios 
are very greatly aſſiſted by the Algebraic notati- 
on; inſomuch that without it the prolixity of 
theſe analytical demonſtrations would be inſuffer- 
able. If therefore the ancients had not the uſe of 
this; or ſome ſimilar notation, we ſee why they 
were compelled to have recourſe to another me- 
thod of demonſtration, and at the ſame time are 
juſtified in uſing the analytical method ourſelves, 
The advantages of it are theſe, it is very 
eaſy of application, and it requires but few 
geometrical principles as a common foundation; 
the different propoſitions, that are demonſtrated 
by means of it, being in general independent one 
of another: That this is an advantage, notwith- 
ſtanding what has been advanced by ſome writers 
concerning the beauty of the connexion between 
different propoſitions, the reader will perhaps be 
inclined to believe, if he conſiders that the demon- 
ſtrations of thoſe truths, that are referred to in a 
propoſition, do in fact conſti? ute part of its demon- 
ſtration, but are omitted to be ſet down, as being 
ſuppoſed known to the reader: Thus the com- 
plete demonſtration of the 8k propoſition of the 
1/t book of Euclid requires every word of the de- 
monſtrations of the 7th, 5th, and 4th propoſitions, 


So that in eſtimating the length of a demonſtra- 
tion, conſideration ought to be had of all the pre- 
S : vious 
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vious propoſitions, whoſe truth it requires for its 
eſtabliſhment, It may further be obſerved that 
many propoſitions are in themſelves of little or no 
value but as ſteps to ſome other, from which they 
are ſeparated merely to prevent the perplexity 
ariſing from too great a length of continued de- 
monſtration, This is the caſe, for example, with 
the 77A of the 1/t Book, which is merely ſubſidi- 
ary to the 8/k, for if the 8k could be eaſily de- 
monſtrated by means of the 574 and 4h alone it 
would be uſeleſs to retain the 7th, In fact, who- 
ever attempts to demonſtrate new propoſitions, 
will often find the demonſtration ſo perplexed and 
tedious, as to be induced to prefix ſome of the 
ſteps as ſubſidiary propoſitions or Lemmas, It 
ſurely then is deſirable to demonſtrate each pro- 
poſition as independently as poſſible, provided we 
do not thereby introduce, upon the whole, more 
fubſidiary propoſitions than would otherwiſe be 
neceſſary, But ſince there is probably an una- 
Vvoldable neceſlity of arriving at ſome truths 
through the medium of others, art is required in 
- diſpofing the propoſitions in the moſt advantage- 
" ous and lucid order—In this art Euclid appears 
to have been a conſummate Maſter, and in this 
- conſiſts the beauty of connexion, 


CHAP, 


CHAPTER . 


PROPERTIES OF QUADRATIC SURDS——RULES FOR THE: 
OPERATIONS WITH SURDS—OF THE GREATEST. 
COMMON DIVISQRS OF COMPOUND ALGEBRAIC 
ru 


159. RATIONAL quantity cannot be equal 
A to the Jum or difference of two quadratic 


1 * 1 


ſurds, 4 
For if & * = 75 + of we ſhould —.— 
4 9 + Ve, and 4 = 24% Se, and 


92 oth» — zor ſb 2 rational quantity, con- 


trary to the ſuppoſition, 


160. In an equation, each ſide of which contains a 
rational part and a quadratic ſurd, the rational parts 
are equal to each other, and the n r qu} to 
each other, 


For if x+ /y ? , and x were not equal 
to a, we ſhould have x—a, a rational quantity, 
equal to / — V; contrary to the laſt article, 
* x = a, and conſequently VIE = yb, 


8 2 re 
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If a be politive, x is politive; if negative, x is 
negative; and the ſame of /y and /b. For 
otherwiſe the equations x = a and /y = V 
could not be true, Hence 


161. The ous of a quadratic ſurd and retional 
quantity cannot be equal to the difference of a qua- 
dratic ſurd and rational quantity ; nor can @ quadra- 
tic ſurd, dimin Med by a rational quantity, be equal 
to a rational r diminiſhed by a quadratic 


ſurd. 


162. If the produdt of two quadratic ſurds be ras 
tional, each of the furds is r ſome multiple, part or 
parts of the other, and *, they may be reduced 70 
es r we Joun ee part. 


7 


geri b 4, r * az 
or 1 os * the "of 4, and the ards become 
Woe 4 . 


1575 Hence, if two quagratic Cords be incomy 
menſurable with each other, their pradutt js ir- 
rational. 


164. Tf a aide fard | be the ſum or difference 
of two others, the three ſurds are commenſurable 
with one au her, or may be reduced to ſurds, having 
the ſa me irrational part. 


For 
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For if YJa=vb+ Ye, a = e + 2 e, 
and a — b+c = 2 y/ bc; but a b+c is rational, 
„, 2 /le is rational ,*. (art. 162.) / and yc are 


commenſurable with each other; let /c = : /b, 


then /@=(vb+vc=)1+%4 x „, or yg 
c 


and /b are commenſurable with each other; and 
in a ſimilar manner it may be proved that /a and 
He are commenſurable with each other, 


165. If a+b' = z+y, where e denotes an even 
number, @ a rational quantity, b a quadratic ſurd and 
x and y, one or both of them, quadratic ſurds incom- 


menſurable with each other, then a = xy, 
For raiſing each ſide of the equation to the ca 
powery we have a+b = ＋ c + &c £01 


— 
Led 
— 


4 2 . + „: Now the odd 
tei ms of this ſeries are rat onal, becauſe they in- 
volve cven powers of x and q, and any even power 
of a quadratic ſurd is rational; and the even terms 
are irrational, becauſe if x and y be both ſurds, 
and incommenſurable with each other, theſe 
terms involve the ſurd 2y with rational co-effici- 
ents; and if y alone be a ſurd, they involve the 
ſurd y with rational eee Therefore the 
ſum of the odd terms is a rational quantity, and 
the ſum of the even terms a quadratic ſard; there- 


fore 
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fore (art. 160) à is equal to the ſum of the odd 
terms and þ equal to the ſum of the even terms 


„. a- Fg + cc, Scr, ys + 7 — c * 


—&e = „ eien 


Ag — &c. 25 000 _ yp + y* = 5x3" 


. „ 4 — 5 = 2 . 
If a bx and y denote real qucntiales, a, muſt be 


greater than b; otherwiſe the equation 4+ 0 
= X+y could not be true; for c being even, 3—y\* 
is poſitive, whether. z or y be the greater term, 


i. e. the ſum of the odd terms in x+ Mi is greater 
than the ſum of the eyen terms, | 


166. 1f 74D = Ty, where d denotes an odd 
number, a and b, one or both, are quadratic ſurds in- 
commenſurable with each other, and æ and y are com- 


menſurable with a and b reſpective ly, a- f = I. 


For, by involution, &+b = * + dx y + &c. 
where if à and x be rational, the odd terms are 
rational, and the even terms involve the ſurd 5 
with rational co-efficicats; but if a and x be irra- 
tional, the odd terms involve the ſurd a, and the 
even terms the ſurd 5: In either caſe à is equal 
to the ſum of the odd terms, and b to the ſum of 


the even terms, — in the former caſe by art, 160, 
and 


and in the latter caſe becauſe elſe a < the ſam of 
the odd terms would be ſome multiple, part or 
parts of the turd a, and would be “ equal to 5 
the ſum of the even terms, which would be ſome 
multiple, part or parts of the ſurd ö; but no mul- 
tiple, part or parts of à can be equal to any mul- 
tiple, part or parts of 6b, becauſe à and b are in- 
commenſurable; . a = the ſum of the odd terms 
and “ = the fum of the even terms . a—b 
= — di*"'y + &KC.....— ys = *-* 


mA a=b; — X—Y, 
— Y— 


167. Surds may be denoted either by the radi- 
cal ſign, or by fractional indices. Thus the 2 


root of a is denoted either by /a, or by a - the 
um root of , by /, or by b. 


168. Becauſe a fractional index, 2, ſignifies in- 
1 


differently either the u“ root of the m power, 
or the power of the u“ root, a quantity with a 


* The equation a a ſum of odd terms = b ſum of tven terms 
is true at all events; but if a be equal to the fum of the odd terms, 
each ſide of the equation is o, And no abſurdity follows. Thus 


1192 + 932 Var = /2+0/ 3+9v/ 2+3 3, and 
11212 - 2/2 = 9/2 = 3 —= - 3/3» 
fractional 
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fractional index, —, may be transformed two 
7 


ways, viz. either to the form of an power with 


7 1 « 8 
the index , over it, or to the form of an x root 
2 


with the index n over it. 


| 3 —— ; 9 
Thus a = a r — 2+2 ) ; 2 


\ 
4 


The former of theſe transformations ſerves to 
reduce two ſurds, whoſe fractional indices have 
a common denominator, to ſurds with a common 


a" \- 


index; For thus a © and 57 become 2 


and P- 


169. If the denominators of the indices of two 
ſurds, or the indices of their radical ſigns, be the 
ſame, the ſurds are ſaid to be of the ſame denomi- 


nation, Thus /a, V, a;, and b; are of the ſame 
denomination; ſo are a, * /b, a: and bs; 


170, A rational quantity may be reduced to 
the form of a ſurd, by raiſing it to the power, 
which denominates the ſurd, and then either af. 
fixing the radical ſign, or a fractional index, or 
dividing the index by the exponent of the power 

to 
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to which the quantity was raiſed, Thus a+x 


= Va- = . f = &c, = a+) = 


TV 2 &c;, = N = — n =&c, = 


4 TTzar fr 2 4 ＋34 E+ 3ax* T · = Ec. 

171. A fractional index may have ſubſtituted 
for it any other fraction of equal value Alſo 
the index of the radical ſigh may be multiplied 
by any number, if the quantity under the ſign he 
raiſed to the power denoted by that number, or, 
which is the ſame thing, if the index of the quan- 
tity under the ſign be multiplied by that number, 
And converſely, if the index of the radical 
ſign be a compoſite number, it may be divided by 
any one of its factors, provided the quantity un- 
der the ſign has its index divided by the ſame 
number, or its root, denominated by that number, 
extracted. | 


Thus a — a? = at ; 74 (i. e. Ja) =*/a"® 
= a= &c;"*/a+ = Zz % tf i { Sf - nts © ; 
% aa x- TY ]§¾ = wN X 


172. Hence all ſurds may be reduced to ſurds 
of the ſame denomination——viz, by ſubſtituting 
for their indices indices with a common denomina- 
tor or by ſubſtituting for the indices of their radical 
Ggns ſome common multiple of them all, and rai- 
ſing the quantity under each ſign to the power 

T denoted 
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denoted by the number, into which the index of 
the ſign was multiplied, 


Thus 4 and bi = at and 38; 15 and */b 
=) a" and %; ar; * % Ne —— 
, e and Re; / == and 

= N Zar and . 
173. To. multiply two ſurds together when 
expreſſed by fractional indices. 


Rule. rf, If the quantity under the index be the 
fame in both ſurds, add the indices together for a new 
inder. 


 .2aly. If tie quantities be different, reduce the ſurds 
(where neceſſary) to the ſame denomination by art. 
172, then to ſurds with a common index by art. 168 ; 
multiply together the quantities under this common 
Indez, and afſiz the common index to their produd, 


Ex. a+2; x 8 = a+2) 


D x r N 21 x 33 


I * J NN = 72 
The intermediate ſteps ſhew the 9850 in 


the mind, but after ſome practice the reader will 
in many caſes find it unneceſſary te ſet them 


down. 


174 
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174- To multiply ſurds when expreſſed by the 
radical ſign, ; 


Rule. Reduce the ſurds by art, 192, to radicals 
with a common index ; then multiply together the 


reſulting quantities under the /6, us, and prefix the 
ſign to their produd, | 
Ex. / x YO = VV x 


"PET fe-, n Y = 


„Fe » r = "arts. 


175. To divide one ſurd by another. 


Rule. Reduce as in multiplication of ſurds, to a 
common inder, and inſtead of taking the product of 
the quantities under the common index, take their 
quotient, to which prefix the common index or n 


ſign. 
Ex, a+); + 4 +3 = a+ Me 4 aT 
— ; 


is 4+); % ² = mg 
at x | 


| * 
As = ＋ > = = an 
a ” @& ' * is 


The reader muſt recolle& that the index of the ſquare root, 
though not expreſſed, is 2, 
| T2 176. 
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176. If one of the ſurds in multiplication or di- 
viſion has a negative index, in order to reduce 
the ſurds to the ſame denomination, either the 
negative ſign muſt be transferred from the entire 
fraction to the numerator, or elſe it muſt be 
changed into the poſitive ſign, by converting the 
quantity under the index into its reciprocal, 


_w rim n 1 
— an * bms — „ bid. 7 


FJ. 


Ex. a x 


177. Theſe rules for multiplication and diviſion 
ſuppoſe the quantities to be pure ſurds without 
any co-efficients, If we have to multiply or di- 
vide ſurds that have co-efficients, the product or 
quotient of the co-efficients muſt be prefixed as a 
co-efficient to the ſurd obtained, Thus a",/b x 


ed =ar dfn,. 


It might ſeem at firſt ſight that in many inſlans 
ces nothing is gained by theſe rules, the reſults 
appearing as complex as if the ſurds were ſet 
down with merely the ſign of multiplication or 
diviſion between them. What the rules eſſect is 
this,—they give the product or quotient in terms 
of one ſurd alone; thus in Ex. 1ſt. art. 173 


TN 4— 805 is a ſingle ſurd; for a+2 * and 


a- & are rational quantities, Moreover, in 
| many 
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many caſes they ſimplify the expreſſions, But it 
is often convenient not to employ theſe rules, 
eſpecially when the quantities are ſimple, and 
„ indices are uſed: Thus the nne of 


45 and 55 may often better be denoted by a® bs 
then by a%b"\-. 


178. If a  ſard be multiplied” or divided by a 
rational quantity, ſuch quantity may be. brought 
under the ſign or index by firſt reducing it to the 
form of a ſurd of the ſame denomination. 


'Thus 4275 . = ah 32 a — 
D E 1 = 9723 


179. And converſely, if the quantity under the 
radical ſign, or fractional index with numerator 
unity, be diviſible by a perfect power of the ſame 
denomination, that power may be taken ot and 
its root prefixt as a co- efficient. 


Ex. Va = ab Vb; VA = 


, \ 1 
. = 4— 4 , 
3 


24 % 1 26; 8 x 


oo, 
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180. Even when the quantity under the ſign 
or index is not diviſible by a perfect power, it may 
be uſeful ſometimes to divide ſurds into their 
component factors, by reverſing the operations of 
multiplying and dividing ſurds. 


Thus ab = Vax Vb; ad = a> * bY 3 
*Y a*b—b2* = 34/b x 3/a'—2* 0 x 
Ja x Wax; / = — 


181. In general, any ſurd may be transformed 
to another, having a required co-efficient, by di- 
viding the quantity under the ſign by that power 
of the required. co-efficient, which denominates: 
the ſurd. For let y repreſent any ſurd, and 4 


be the required co-eflicient ; then *Vy = 8 v2 8 


This artiele is reduced in idea to art. 179 or 
180, by conſidering the power of the required co - 
efficient as a component part of the quantity un- 
der the radical ſign, whether it appears as a fac- 
tor of it or not. Thus if we conſider à as having 


the factor d, viz. as being 7 *, we may take 
the power d out of Va or Vo fn , and trans 


form the ſurd to 2 0 
Tee” omg 2 


182. 
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182. Surds are reduced to lower terms by art. 
179, i. e. by extracting the root of ſome diviſor of 
the quantity under the ſign, and if the greateſt 
factor be choſen, that is a perfect power of the 
required denomination, they are reduced to their 
loweſt terms, 


Thus *V a%*c is reduced to a? 35512 3 and its 
loweſt terms are 45 ec; the loweſt termsof 727 
are 34/3, | p 


This reduction is of uſe for the addition and 
ſubtraction of ſurds, For if two ſurds, when re- 
duced to their loweſt terms, have the ſame irra- 
tional part, their ſum or difference is had by tak- 
ing the ſum or difference of their co-efficients for 
a co- efficient to the common ſurd ; but if they 
cannot be reduced to the ſame irrational part, 
their ſum or difference can only be expreſſed by 
the ſigns + or — . ZN 


Thus 8 + /2=2y/2 +/2= 2X1 x 2 
= 34/2 or /2, But V 7and / 2 not being reduce- 
able to a common irrational part, their ſum or 
difference can be expreſſed only by 7 + . 


183. The ſquare root of a binomial, one of 
whoſe terms is a quadratic ſurd, and the other a 
rational quantity, may ſometimes be expreſſed by 
2 binomial, one or both of whoſe terms are qua- 


dratic ſurds. | 
In 
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In order to know. when this may happen let 
a+4yb denote the given binomial, and ſuppoſe 

x+y its root, Then ſince VaR VV = x+y, a+b 

Sy + 2xy, Now if x and y be one or both 

quadratic ſurds, z* and y* are rational, and 2zy 

muſt be irrational; aſſume therefore x*+y* = a, 


and 2zy = 4/6; then y* = W ; hence 


42 2 
* + Sa, „-a = 3 
. 4 
a Y —) 
42 = ae 5 
hence y* = (a—xf*=) aFVa'—=b 
2 
andy = N {aFva*'—b ) 
2 


.*. Ay, the root of atzybis / (<= _—) 
2 


+ vV [aFya'" —) ; a binomial , one or both of 
2 
-whoſe terms are ſimple quadratic ſurds, provided 


VI" —bbe rational; otherwiſe not. . the ſquare 


root of a binomial * admits of the propoſed form, 
- . if 


 ®* The * root of any binomial 4+B, is 4/ 1 — 


4 * (== i= ) whether one of the terms A and B bea 
ſurd 
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„en 


if the difference of the ſquaresof the two parts be 2 
ſquare, number, 


Ex. 1. Reg“ the quare root of. 3 — 78. 


Here 8 = 3, vb = „ 9-8 
= 1, a ſquare number, and the root required is 


* = 7 . 


Ex. 2. Required the ſquare root of 5 — 2/6 
Herea=5, /b=24/6,anda*—b = 25 — 24 


= 1, and the root required i is W 7 —— 
= V3 = . * 


OF THE GREATEST COMMON MEASURE OF 
COMPOUND ALGEBRAIG -EXPRESSIONS, | 


184, By a rule ſimilar to that in art, 121, vol. t. 
may be found the greateſt common meaſure of 


ſurd or not; becauſe whatever A and B be, we may aſſume A = x* 8 
+ 52, and B = 2xy : But unleſs one of the terms be a pan: 
preſſions are of no uſe, 


Ex, r 2 * ( 19 (s — — 20 


= v: + l 


U tw 0 
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two Algebraic expreſſions; „ . e. the moſt cbm. 
pound expreſſion, that will divide them both 
without a remainder, ſo as to give quotients of 
an integral form. 


185. Lemma. Let n'E and F a. x any 
two compound expreſſions whatſoever; then, if 
neither n nor any diviſor of = be a diviſor of J. 


any common meaſure (M) of x E and F i is a com- 
mon meaſure of E and F. 


For M is compoſed of no diviſors not found in 
F, and therefore has none of the diviſors bf n; 
therefore the diviſors of n E, that M contains, 
are diviſors of E; or M is a common meaſure of 
E and F. 


186. Cor. Hence any common meaſure of two 
compound expreſſions is a common meaſure of the 
expreſſions, which remain after thoſe diviſors 
have been expunged from each, that are not com- 
mon to both; - and the greateſt common meaſure of 
"theſe remaining expreſſions is the greateſt com- 
mon meaſure of the original expreſſions, 


„ This greateſt common meaſure is not neceſſarily the greateſt nu- 
ical common meaſure of the numbers reſalting from aſſigning nu- 
rical values to the letters concerned in the expreſſions; e. g. the 
greateſt common meaſure of a*—c2 and ab I be is ae; but if a 27. 
b =6 and c = 3, the greateſt common meaſure of 49 —9 and 42-18 
is not 7 +3. | 


187, 
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187. If n A and B be taken to denote two alge- 
braic quantities, whoſe greateſt common meaſure 
is propoſed to be found, and u and B be ſuppoſed 
to have no common diviſor, then, iſt, if / divides 
B or mB (n and A having no common diviſor)” 
without a remainder, A is the greateſt common 
meaſure of 4 and m and b (art. 186)" 
of n and B, But | 


_ 2ndly. if, mB divided 7 gives an 8 
tient P with a remainder pC, (p and A haying, 
no common diviſor) and C divides A without a 
remainder, C is the greateſt common meaſure bf 


nAand B, 7 


For ſince C meaſures 4 and PC, it W 
PA+pC or mB, C then is a common meaſure of 
A and mB, therefore of n4 and B. But more- 
over C is the greateſt common meaſure of 4 
and B. For any common meafure of A and B. 
meaſures 4 and 4A; it alſo meaſures mz or 
PANT p, therefore it meaſures 03 but meaſuring 
A and pC, it meaſures C; therefore no common. 
meaſure of nA and B has factors not contained. 
in C, Tray 


zdly. Making the ſame ſuppoſitions concerning 
the ſmall letters, * yiz. that ane ene 


® The ſmall letters make the inveſtigation 3 _ of them 
as in any particular exawple are not wanted, may then be conſidered 

as denoting unity, 
U 2 | ents 
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ents i in | the remainders have no factors i in commop 
with the preceding diviſors, and that uch as are 
co- efſicients in the dividends have no factor in 
common with the diviſors to thoſe dividends, in 
exactly the ſame manner it may be proved, that if 
mB divided by. A gives a quotient P with a re- 
mainder pc, and A divided by C gives a quotient 
R with a remainder rD, and D divides C without | 
4 remainder, Dis the greateſt common meaſure of 


e B. Dus 4) 48 


7 general, wh atever be the number of diviſions, 
the laſt diviſor will be the greateſt common mea- 


ſure required. 


From theſe conſiderations we obtain the fol. 
lowing : 1 


188. Rule for finding the 0 common mea” 
ſure of two algebraic quantities, 


"Expunge from the leſs complex of the two given 
quantities any "fattor, that appears upon inſpedion, 
and is uot common to both; ly the remaining part 
divide the other given quantity, or that other multi. 
plied into any quantity, not a factor of the diviſor, 
that may be neceſſary to make the firſt term of the 
quotient integral, ſo far as integral quotient terms 
can be obtained. Expunge from the remainder any 
factor, that appears upon inſpection, and is not com- 
mon to the laſt diviſor; by the remaining part divide 
the laſt diviſor, or that laſt djviſor multiplied into 
: | 8 „ „ 3 * any 
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any quantity, not a factor of the new diviſor, that 
may be neceſſary to make the 1ſt. term of the quoti- 
ent integral, fo ſar as integral quotient terms can be | 
obtained, Proceed thus till there be no remainder 


—The laſt diviſor is the ng common meaſure 
required, 


Ex. 1. Required the greateſt common meaſure 
of 84*b*—10ab3 +264 and ga- ga + 34% — 3a. 


The former of theſe expreſſions contains the 
factor 24* or 26 b,, of which the part & only is 
common, to both expreſſions; dividing therefore 
the former by 26, the quotient, viz. 44 — 5ab* + 
hb), is to be the diviſor, And in order that the 1ſt. 
term of the quotient may be integral, the other 
expreſſion muſt be multiplied by. 4, Then the 
work will proceed as follows: 

4 — zab*+63)36a%þ - 3604" +12@b1—1 aa 
; 36a%b — 4543: + gab? 


Remr. 9 5 430%" — Laab | 
This remainder contains the factor ab- or 
3ab xb, of which the part 6 only is common to 
the laſt diviſor—I: muſt be divided therefore by 
Zeb to obtain a new diviſor; and to make the di- 
viſion proceed, the laſt diviſor muſt be multiplied 
by 3 for a new dividend, Then the work will. 
proceed as follows, | 
3 a"b+ab*—4Þ)120b- 154 +3Þ(4 
12a + 4ab? — 1663 


— 19 4 ＋ 19 „ 


This 
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This, remainder contains the factor — *194? or 
19 b, of which the part h only. is common to 
the laſt diviſor; therefore this remainder muſt be 
divided by * and 2.4% +ab*— 40s being made 
the dividend, the work will proceed as follows 

ab—b')20*b + ab* — — 4b(3a+46 
34˙ 300 


— 


44 bm 4b 
44 b*—4 6. - 


There being no remainder, ab — 55 1 is the great - 

eſt common meaſure of the two given quantities. , 

Ex. 2. Required the greateſt common mezſure 

of 2a* + ba — br and h - a-. 

224 +ba=b:)2&+20a*24a = 2b(a 
op ba 


. 


 bat+b%a— — 2a — 25 


ba*+b*g.— 24 — .2b)2ba* - +: ba — 550 2 
23647 25˙— 44 — 46 


— 


44 — 64 ＋46—63 


Or + 19 b. If + 19 b be employed, the greateſt common 
meaſure will come out bg inſtead of ab— b?, 


Dividing 
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Dividing this remainder by 4— —_ we have a+b 
for a new diviſor, 
a+b)ba* +b*a — 2a— 2b(ba—2 
ba +b*a 3 
— 24 26 
— 24 26 


— 


The greateſt common meaſure is arb. 


CHAP, 


CHAPTER VI. 
PROPERTIES or NUMBERS. LOGARITHMS, 


189. FRE leaſt common multiple of two numbers 
(a and b) is equal to their product divided 


by their greateſt common meaſure (c.) 


For 1ſt. their leaſt common multiple muſt con- 
tain as a diviſor, the product of all the different 
prime factors in a and b; and if in either of them 
any factor be repeated, it muſt be as often re. 
peated in their leaſt common multiple: e. g. if 
d, e, fim, n be prime numbers, the leaſt common 
multiple of def and dem muſt contain defmn 
as a diviſor: Becauſe it muſt be diviſible by any 
one of the factors d, e /m, u, and by the doctrine of 
prime numbers (ſee incommenſurables) no number 
except defmn or ſome multiple of it is ſo divi- 
| fible, In like manner the leaſt common multiple 
of a* f and d*mn muſt contain as a diviſor die inn. 


But 2dly. it is evident that the leaſt common 
multiple requires no other factor beſides this pro- 
duct, becauſe this product is diviſible by either of 
the given numbers. Thus defmn is diviſible by 

| def 
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def or by demn; dꝭ e*fmn is diviſible by d*e*f or 
by a*mn, 

Since then the leaſt common multiple does re- 
quire this product as a diviſor, but requires no- 


thing more, this product is the leaſt common mul- 
tiple, _ 


Now this product of the different factors in 


a and b is equal to Q, For if 4 = crandb= ci, 


this product is axs or bxr or crs; and cr = 


b F 
_— = — Thus in the firſt of the above 


examples c = de, and defmn = def x den . in the 
4 
ſecond c = d* and d e ſuin = . demsn 


190. Cor. Any other common multiple of two 
numbers is a multiple of their leaſt common mul 


tiple, 


191. In a ſimilar manner it may be proved that 
if m be the leaſt common multiple of à and 5, the 
leaſt common multiple of m and c is the leaſt com- 
mon multiple of a, and e; that if m be the leaſt 
common multiple of a and 6, and n of n and c, the 
| leaſt common multiple of j and d is the leaſt com- 
mon multiple of a,b,c and d; in general, 


X | I92, 
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192. The leaſt common multiple of any number of 
quantities is the leaſt common multiple of theſs two, 


viz, the laſt quantity, and the leaft common multiple 
of all the preceding, 


For let M be the leaſt common multiple of any 
number of the quantities a, h c, d, &c, then M is the 
product of all the different factors in 4, c, &c, 
therefore M is had by multiplying à into the fac- 
tors of h not common to a, multiplying the reſult 
(n, or the leaſt common multiple of @ and 6) into 
the factors of c not common to n, multiplying the 
reſult (u, or the leaſt common multiple of M and c) 
into the factors of d not common to x, and ſo on, 


In ſmall numbers, which can eaſily be diſtin- 
guiſhed into their component parts, the eaſieſt * 
method 


* The following practical rule is given by Mr, Bonycaſtle in his 
uſeful treatiſe of Arithmetic, Edition gth. page 101. 


4 x, Divide by any number that will divide two'or more of the 
given numbers without a remainder, and ſet the quotients, together 
with the undivided numbers, in a line below them, 


« 2; Divide the ſecond line as before, and ſo on till there are no 
two numbers that can be divided; then the continued product of 
the diviſors and quotients will give the multiple required. 


Ex, What is the leaſt common multiple of 3,5,8 and 20? 


803.56, 8, 10 
203, 1,8, 2 
351,41 


5X2X 34 = 120 the anſwer,” 


The 


% 
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method of actually finding the leaſt common mul- 
tiple is to take by inſpection all the different fac - 
tors and multiply them together, 2 

X 2 Ex, 


The diviſors in this rule ought to be reſtridted to prime numbers 
— then it may be demonſtrated as follows: 


Let p, be the given numbers, and let the work ſtand thus, 
a)p,q,rn 


11 i 1 
a) p, „ * 
14 11 11 


Þ „ 727 


a and 4 you numbers, and P p 7 having no common fator; 
then I ſay a þ 5 , r r the leaſt common multiple of p, g and r. 

For 1/2. after the given quantities, as many of them as contain the 
prime factor a, have been divided by a, the prime factor a remains a- 


i 
mong them; therefore a 4 mult be a factor of any common multiple 


of them; This is evident if a and a be different numbers, and if they 
be the ſame, ſome one of the given quantities muſt have been diviſi- 


ble by a, and then by a again, i. e. muſt have contained a? or a 2 


1 
20. There can be no number but p or ſome multiple of p, which 
multiplied into a a can produce a number containing the ſactor 8 


for p is either the factor left after the prime factors a and a have 
both been taken out of p, or after one of them has been taken but, 
or 'tis p itſelf; according as the a's are 7 one, or neither of 


them diviſors of the 5˙74;— therefore a þ 7 is a factor of any com- 
mon multiple of the given quantities: In the ſame manner it may be 


i i" 
ſhewn that @ a 7 is a factor; that a a r is a ſator, Therefore ſince 
P, 
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Ex. The leaſt common multiple of 12, 18 and 
20 or 2*x 3, 2x 3? and 1 iS * n or 1803 


The leaſt common multiple of the nine digits 
ISQXOX7X 5. 


193. The decimal value of a fraction is intermi- 
nate if the denominator of the fraction, when reduced 
to its loweſt terms, contains any other factor than 
2 or 5. 


3 . 1 KN 1 n un 
P »9 » 7 contain no common fador, aa pqgr muſt be a ſator of 


any common multiple of the given quantities; i. e. their leaſt com- 


mu nin 
mon multiple is eitheraa p qr or requires ſome factor beſides ; but 


Bm. z 
it does not require any other, becauſe a a 7 a 7 * a r are reſpec- 


tively equal to or elſe multiples of p, 9 and r. Therefore 
1 (4 i I 
a 4h r is the lcaſt common multiple of the given quantities, 


In the ſame manner the rule may be demonſtrated whatever be the 
number of given quantities and of diviſions, 
' | 
If a and « be not prime numbers, it may happen that a a þ has 
ſome faQtor unneceſſarily repeated; for example a way not be a diyi- 


„K. 1 
ſor ol p, and yet ſome factor of a may be; ſo that þ being taken 
down into the third line ſhall ccntain a factor not wanted in addi« 


! 
tion toaa, Thus S NN, 2X3X5. 2X3X7 
SN 2.3 * 2. * is not 2X2)\2X5, 2X3, NaN 7 
the leaſt common multiple B "es VV 7 8 


ef 50, 30 and 42 it containing 
an unneceſſary ſactor 3. 


For 
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For the numerator and denominator of the re- 
duced fraction have no common factor, and the 
addition of cyphers to the right of the numerator, 
which is multiplying it by tome power of 10, in- 
troduces no other prime factor than 2 and 5, ſo 
that if the denominator contains any other prime 
factor than 2 or 5, the numerator with cy- 
phers added to it will not be diviſible by it with- 
out a remainder; becauſe one number will not 
divide another without a remainder, unleſs that 
other contains all the factors of the diviſor, | 


: Z 

Hence the fractions 3 , G » - 5 9 » - 
*,*,*,&, 3, , Kc. &c. are not reducible 
3 3 „ X 
to terminating decimals, 

194. The product of the ſum and a erence of two 
numbers is equal co the difference of their ſquares. 
Or a+b x a-b= 4-5. 


bl 


If a= TI, aT x 4 - = a+b; hence 


195. Cor, The ſum of two numbers that differ by 
unity, is equal to the difference of their ſquares. 

196. The ſum of any uumber (n ) of terms in the 
ſeries of odd numbers, 1, 3, 5, 7, &c, is equal to (1) 
the ſquare of that number, 


For 
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For, by the theorem for arithmetical ſeries, viz, 


s5=2aTtTn-1,b x - the ſum of , terms of 


the ſeries1,3,5,7, Kc. is 2 + 11.2 X % 


197. Cor, The differences between the contiguous 
terms in the ſeries 1 2*,3* , 45, &c. form the 
ſeries of odd numbers 3,5, 7, &c. 


— — 


For 2* — 1* = 1++3 - 1=3;3 = 2 = 
171315 —1+3 = 534 = 3* = 1+3+5+7 
— 17375 = 7: and ſo on. 


This article would caſily follow as a cor, to 


art, 194. 

198. The product of any two contiguous numbers 
in the natural ſeries 1,2,3,4,5, &c, is diviſibie by 
1x2; of any three, by 1x2x3; of any four, by 
1x2x 3x4; and ſo on. 

The method of proving this will eaſily appear 


from any particular example, Let ab,c,d,c,f.g f 
denote any eight contiguous numbers; then 


1ſt. It is evident that one of any two contign- 
ous number is a multiple of 2; one of any three, 
a multiple of 3; and ſo on. Therefore atcdefgh 
is at leaſt diviſible by the product of all the prime 
factors 
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factors in 1,2,3,4,5,6,7,8, Viz. by 1x 2X 3X 5x 7. 
And it only remains to be ſhewn that 24/y, It 
contains a ſufficient repetition of the factors 
2 and 3 to be diviſible by the whole of 142 x 3 x 
4. . 8. Now each of the four numbers ab, cd, 
ef, gh is diviſible by 2 ; one of the four à, b, e, d, and 
one of the four %, i are diviſible by 4; and one 


of the eight is diviſible by 8; .. ts Mi is divi- 
ſible by 2x 4x G 2. 


Again abc and def each contain the factor 3, 
. abcdef is diviſible by 3%, Hence abcdefgh is 
diviſible by 27 x 35, i. e. by 2x 3x 4x 6x8; it is 
alſo diviſible by 5x7, .*. it is diviſible by 
IX 2* ZXx4X5x6x7x8, 


Aliter. 


The product of any two contiguous numbers 
f,2—1 divided by 2 is the number of combinati- 
ons in p things taken two and two together, and 


is therefore a whole number; or p x pÞ—1 is divi- 
ſible by 2. 


The product of any three contiguous numbers 


P, P— 1 , p- 2 divided by 2 3 is the number of 
combinations in p things taken three and three 
together, and is therefore a whole number; or 


þ xÞ=1 x 52 is diviſible by 2X3. And ſo on, 


See combinations, Vol. 1, 


199. 
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199. Cor, Vn be à prime number greater than 2, 
vs. w—_r a; 153 


2 


diviſible by n without a remainder, 


„and Cc. are each 


For ſince 1. n—1 is diviſible by 2, and x does 


not contain the factor 2, 11 muſt contain it; 


1—1 —1 ; 
* — 26.2 14 I, is a Whole number. 


And ſo of the others. 

200. n be a prime number, and any number and 
its n power be each divided by u, the two remainders 
will be the ſame * 

For 1/t 1* divided by # leaves a remainder 1. 


2⁴⁰ 1 I+1 ” ITu Tun . — + &e co +I 


divided by n leaves the ſame remainder as 1+1 
divided by u, becauſe the intermediate terms are 
diviſible by = without a remainder (art. 199.) 


3 3⁷ = 2D = 2* + nx2 + &c, + 1 di- 
. vided by n leaves the ſame remainder as 2 ＋1 di- 


vided by u, viz. one more than 2* divided by n, 
. one more than 2 divided by n; „. the ſame re- 


mainder as 3 divided by ». 


* When the number to be divided is leſs than the diviſor, by the 
remainder is meant the number itlelf, Thus the remainder of 2 di- 


"Ou by 8 is 2. a 4 
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a = 311 2 ＋ „31 &. + 1d 
vided by n leaves the ſame remainder as 3* +1 di- 
vided by n, viz, one more than 3* divided by x, 
. one more than 3 divided by n; .. the ſame re- 
mainder as 4 divided by u. 


And thus we may proceed, the remainders in- 
creaſing by unity, till we come to x and x" divided 
by n, when the remainders will be o: for if it be 
true of one number, it is true of the next; . any 
number leſs than n and its 1“ power divided by n, 
leave the ſame remainder, viz, the number itſelf, 
and in the ſame manner it may be demonſtrated of 
all numbers greater than , but more eaſily and 
generally thus, 


Let pn-+9 denote any number greater than x, q 
being ſuppoſed leſs than n; then pn+q divided by 
1 leaves a remainder 9, and pn T divided by u. 
viz. vn” + u FP. q + &c. + npng*" + 9g" div i- 
ded by n leaves the ſame remainder as divided 
by u, becauſe all the previous terms are diviſible 
by en without a remainder ; but by what has been 
already ſhewn, “ divided by u leaves a remain- 

der . 


Therefore vue and pn +9" divided by n leave 
the ſame remainder.* 

Y Therefore 

* Aſter I had diſcovered this property and its demonſtration, I 

found that Dr, Waring had before given it in his Meditationes 

Algebraica; 
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201. Vn be any prime number greater than 2, 
and any number and its u power be each divided by 


2n, the two remainders will be the ſame. 
For let 2» = pn + 2, then 


I. ſince 2" is even, pn+2 is even, . pn is even 
. ſince n is odd, p is even, or contains the factor 
2, .. pn is diviſible by 2n, .. 2* or pn+2 divided 
by 2: leaves the ſame remainder as 2 divided by 
2 | | 


2:27 ab 2+". =: 2 + n. 2— + Kc. + 1, the 
intermediate terms of which being diviſible by 2n, 
the whole divided by an leaves the ſame remainder 
as 2*+1 divided by 2x, or (by the firſt head) the 
{ame remainder as 3 divided by au. Let 3“ = 
201 +3. "J* EE . 


= = 


4p = 2 x # = 20u+2 x 27 TZ = an\ 
+ 2x 4bu + 4, which divided by 22 leaves the 
ſame remainder as 4 divided by 2n, 


And thus we may proceed, the remainder in- 


creaſing by unity, till we come to 2» and 29)" di- 
vided by 2n; when the remainders will be o. For 


Algehraicæ; but the nature of the Proſeſſors demonſtration was too 
- difficult and unaccommodated to this Work to induce me to alter any 
thing in my own. 


I do not know whether the property in the next article has hitherto 
been noticed by any writer. 


if 
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if it be true of two numbers; it is true of their 
product; . it is true of any even number, if it 
be true of all the preceding numbers and if it 
be true of an even number, it is true of the next 
odd number. | 


Therefore if the n power of any number leſs 
than 2x and the number itſelf be each divided by 


zn, the remainders will be the ſame, viz, the num- 
« ber itſelf, 


For all numbers greater than 22 the article may 
be demonſtrated generally as follows, 


Let 2nr +9 denote any number greater than 
zn , q being ſuppoſed leſs than 2n, then 22 r＋ di- 


vided by 2x leaves a remainder , and 2nr+g\" 

= 2n)* + n. Zur q + Kc. + q* divided by 2n 
leaves the ſame remainder as q* divided by 2» but 
it has been already ſhewn that 9“ divided by 22 


leaves a remainder q, . 2nr +9 and Zur divi- 
ded by zn leave the ſame remainder, 


202, If unity be ſubtracted from any integral 
power of any number, the remainder is diviſible by 
the next inferior number, Or, if n denotes d whole 
number, I is diviſible by r—1. 


The quotient is —* + =? + &c.....+1 


Thus 10-1, 10*—1, 103-1, &c, are diviſible 
by 9, the quotients being 1, 11, 111, &c. 
1 2 203. 
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203. If from any number the ſum of its digits be 
ſubtracted, the remainder is diviſible Ly g. 


For if a,b, c &c. be the digits of the number in 
their order, beginning from the units, the number 
is a + 105 + 10* c + 103d + &c; from which if 
a+b+c+d4+ &c be ſubtracted, the remainder is 
10—1 . 5 ＋ 10 T + 103—1.d + Kc. which, 

by the laſt art., is diviſible by 9. 


204. Cor. If any number and the ſum of its di- 
gits be each divided by 9, the remainders will be the 


ſame, 


For if S be the ſum of the digits, the number, 
agreeably t. 7 to the above notation, is 
S +T0=1 .b + 10*=1,c + &c; which, divi- 
ded by 9, leaves the ſame remainder as S divided 
by , becauſe all the terms except the firſt are di- 
viſible by 9 without a remainder, 


205. 7 he two laſt articles are evidently true of 3, 
as well as , 3 being an aliquot part of 9. 


206, Theſe properties belong to 9 and 3 on ac- 
count of 10 being the root of the ſcale, or that 
number, according to whoſe powers the value of 
any digit increaſes as it is removed higher and 
higher to the left. In a ſcale, whoſe root was q, 
they would belong to 8, and its aliquot parts—In 
a ſcale, whoſe root was 11, to 10, and its aliquot 
In I das if r be the root of the ſcale, 

| theſe 


parts. 


PROPERTIES OF NUMBERS. 173 


theſe properties belong to r—1, and its aliquot 
parts: This readily appears if r and its powers be 
inſerted inſtead of 10 and its powers in the fore- 
going demonſtrations. 


When r denotes the root of the ſcale, and a, 5, e, 
&c, the digits, the number is a + br + cr + 
dr: + &c. Hence to expreſs a number according 
to the ſcale, whole root is r, we muſt find what 
is the higheſt power of r contained in that num- 
ber; and ſeek how often that power is contained 
in it; the anſwer is the firſt or higheſt digit in 
the required expreſhon——Then, ſubtracting 
from the given number ke value of this digit, viz, 
the digit multiplied into that higheſt power of r , we 
muſt ſeek how often the next inferior power of r 


is contained in the remainder; the anſwer is the 


ſecond digit. And ſo on, 


Ex, Let r = 4, and the number to be expreſſed 
be one hundred and ninety-ſeven, 


The higheſt power of 4 contained in this num- 
ber is 47 which is contained in it 3 times, with a 
remainder five; . 3 is the firſt digit next, 
five contains 4* not once, . o is the ſecond figure 
——again, five contains 4 once, with a remainder 
13 „ 148 the third figure, and there remains 1 for 
the place of units, So that the above number 
mult be expreſſed by 3011, if the value of each di- 


git increaſes four-fold by being removed one place 


to the left. 
The 
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The digits in any example may be _— deter- 
— by the following. 


| Rule, Expreſs the given number according to 
the decimal ſcale, and divide it by r, the root of 
the propoſed ſcale ſet by the remainder, which 
is the number of units the given number contains, 
beſides powers of 7. Divide the quotient by 
r again ſet by the remainder, which is the 
number of V, the given number contains, beſides 
higher powers of u. Divide the laſt quotient 
by r again, and proceed as before, till the quotient 
be no longer diviſible by r. The laſt quoti- 
ent, together with the ſeveral remainders in their 
order from laſt to firſt, form the required expreſ- 
ſion. 


Ex, What is the expreſſion for the number one 
hundred and ninety ſeven, when r = 4 


4)197(1 
4) 4011 
4) 1200 


— | 


Anſwer 3611 


LOGAR 
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207. Logarithms are the meaſures of ratios, See 
« ratios conſidered as quantity.“ Vol. /f. from 
art, 291, to the end of the chaprer. 


Any propoſcd ratio having a magnitude aſſumed 
at pleaſure for its Logarithm, the Logarithm of 
any other ratio will be that multiple, part or 
parts of the aſſumed logarithm, that this other 
ratio is of the propoſed ratio; and if the logarithm 
of any ratio be taken negatively, it is the loga- 
rithm of the“ inverſe of that ratio, 


Thus, if we aſſume 1 the meaſure of the ratio 
16 : 1, we-ſhall have 


the GL of the ratio 10 


2 1 or 236: 1 
1 
g — — 21 
* - I by | 
+ — . 34 — 08 
4 B Fig 1 { | "FS. 
3 — — * 8 2 1 
4 ; | „ 
9 — — 32 2 1 
4 
8 2 


I 
1: 16FOr 41 
16? 


| 
0 
| 
| 


4 


* See art. 294, —Vol. I. 0 
208. 
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208, It is convenient to reduce all ratios to 
ſuch terms as have the common conſequent unity, 
which is done by dividing both the terms by 
the conſequent ; for thus the ratio a : b becomes 


_ Fg 
b 1 

209. The logarithm of a ratio, whoſe conſe- 
quent is unity, is uſually called the logarithm of 
the antecedent, Thus the logarithm of the ra- 


tio 3: His called the logarithm of 3, 


210. A table of common logarithms is a ſet of 
theſe numerical meaſures, ready computed, for all 
numbers within certain limits, and in which 1 1s 
the logarithm of the ratio 10 : 1 or of the number 
10. 


211. The uſe of ſuch tables is to abridge the 
labor of calculations by enabling us to ſubſtitute 
for multiplication, diviſion, involution and evo- 
lution the reſpectively more eaſy operations of 
addition, ſubtraction, multiplication and diviſion. 


This abridgement, which belongs to any other 
ſyſtem of logarithms as well as that where the lo- 
garithm of 10 is 7, is founded on the following 
principle, viz. that the ſum of the logarithms of 
two numbers is equal to the logarithm of their 
product — and the difference of the logarithms 


of two numbers to the logarithm of quotient of 
the 


f 
p 
$ 
f 
c 
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the greater number divided by the leſs; and that 
difference taken negatively, to the logarithm of 
the quotient of the leſs divided by the greater; 
or, generally, that if from the logarithm of one 
number be ſubtracted the logarithm of another, 
the reſult will be the logarithm of the quotient. 
of the former number div ided by the latter. | 


The truth of this principle is eafily Here, - 
logarithms being the,meaſures of ratios, and being, 
poſitive or negative according as the ratios are 
poſitive or negative, the ſum of the logarithms of 
two ratios is the logarithm of that ratio which is 
the ſum of thoſe two ratios ; and if one logarithm” 
be ſubtracted from another, the reſult “ is the lo- 
garithm of that ratio, which reſults from { 
tracting the former ratio from the latter. Now 
the ſum of the ratias 4 : 1 and 6 > = iS the ra- 
tio ab : 1; and the ratio had by laß aing the 


ratiob 2 1 from n xatio: G n. 5 * os lol 


Al ; 
a : 1 7117 * L715 = Ler- ab 2 1 and Som. 
a: 1'—log.b 1 lo TH 1 or, accordüg 


Na 


124 N e | 
As the e ſubtration i is * uſed in its moſt extended ſenſe, 
generally to call this reſult the remainder Would in dime caſes be in- 
conſiſtent with the uſual meaning of words, Thus if A be ſub- 
traded from x, the reſult, 5, is not properly a rm 7 


2 to 
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to the conciſe mode of ſpeaking, (ſee art. 209) log. a 
| ++ log. b = log. ab, and log. @ = log. ö = log. ; 


Hence the logarithm of any product is equal to 
the ſum of the logarithms of the factors; for log. 
abc = log. ab + log. c = log. a + log. 5 + log. c; 
and ſo on: and the logarithms of powers and 
roots are thoſe multiples and ſub-multiples of the 
quantity under the index, which the index de- 
notes; for log. a* = log. a + Iog.a = 2 x log. a; 
log. & = log. a? + log. 4 = 3 x log. a; and ſo on: 


and converſely log. a3 =7 X log. a, log, 47 


= 3 x log. a; and fo on. 


Having therefore a table of logarithms, we may 
reduce the labor of multiplication and diviſion to 
the much eaſier operations of addition and ſub- 
traction that of involution to a ſimple multi- 
plication and that of evolution to a ſimple di- 
viſion; for inſtead of multiplying two numbers 
together to find their product we may add to- 
gether their logarithms, and find what number 
has the ſum for its logarithm——that number is 
the product; and the like in other caſes, 


In the common ſyſtem, where the logarithm of 
10 : 1 is 1, it is plain that the logarithm of the 
double of the ratio 10: 1, viz. the ratio 100 : 1, 


is 2; of the triple of 10: 1, viz. 1000: 1, 3; and 
ſo 
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ſo on; that the logarithm of 1: 10 or 1: 1s i; 
of 1: 1000r.01: 1, — 2; and ſo on: that the 
logarithm of any ratio greater than the ratio 
10 : 1 but leſs than 100 : 1, as, for example, the 
ratio 50 2 1, is greater than 1, but leſs than 2, 
&c. &c. Or according to the conciſer mode of 
ſpeaking, that the logarithms of 100,1000, &c, of 
1, . ot, &c. are 2,3, &c. — 1, — 2, &c. and that the 
logarithm of any number between 10 and 100 is 
between 1 and 2; of any number between 100 and 
1000, between 2 and 3; &c, &c. 


212, It is evident that a table of logarithms 
might be defined to he a ſet of numbers ſo adapted 
to others, that the ſum of any two of them ſhall 
belong to the product of the two numbers to 
which the two belong. 


213. The indices of the common ratio (r) in a 
geometrical progreſſion, beginning from unity, 
have this property with reſpect to the terms of 
the progreſſion. 


For in the ſeries 1, , , , &c, if we take 
any two terms, as for example the 2% and 4* and 
add together the indices of r in thoſe terms, their 
ſum (4) will be the index of r in that term ( 
which is the product of theſe two terms, 


214. Hence the indices of the common ratio in 
ſuch a geometrical progreſſion are logarithms of 
2 2 the 
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the ratios which the terms bear to unity, or, 
according to the conciſer mode of ſpeaking, the 
| logarithms of the terms themſelves, 


Thus 0 is the logarithm of the ratio 1: 1 or 
: 1, or of1;10fr:;1 or of vj 2 of : 1 or of A 
if the ſeries be continued backwards through the 
terms , , &c, we have — 1 the logarithm 
ee: ; 1 or of ; — 2 of : I or of 1; 


&c. &c. 


215. This Guts gives the logarithms of none 
of the numbers intermediate between 1 and 7, 
r and y, &c; but by inſerting mean proportionals 
between the terms, the progreſſion and its indices 
preſerve their properties, and exhibit the loga- 
rithms of a greater variety of numbers. Thus by 
inſerting one mean proportional between each two 
adjoining” e we habe the geometrical pro- 


pms I, *Y F rs, , 1 N, Kc; 3 and 0, 5 loa 


5 &c. the logarithms of I, 72, r, 755 20, ri | 
* Kc. reſpectively By inſerting tuo mean 
proportions, we have the geometrical ſeries 


AK. 4 2 


4 
I, r3, 7a, ” x „Srl e onde . 713% 1 25 


c. the logarithae of the reſpective terms, 


216. And ſince by increaſing the number of theſe 
mean proportionals the, difference between any 
two, contiguous terms Focreqſes line limite, it fol- 


Mis. | lows 


7 


| propoſed degree of accuracy, the ſeries 1, rs, 7 
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lows that if i be any number whatſoever greater 
than unity, we may ſo increaſe the number as to 
make ſome. one or-other of the terms agree. as 
nearly as we pleaſe, with any propoſed number 
so that though the natural numbers 1, 2, 3, 4, 
&c, cannot by any means be introduced into a ge- 

ometrical ſcries, approximations. to them may, 
which will ſerve for practical purpoſes. Taking 


therefore - of a proper minuteneſs to obtain the 


2 
nb) a+2 2n 4.1 
re, „ „ „ Fo FT SB geoce BY " a Ws © &c. &c, 
may be conſidered as giving a ſyſtem of logarithms 
zo all the natural numbers 1, 2, 3, 4, &c,——and 
if continued backwards by negative indices, as 


giving the logarithms of all the fractions - SW 


-. 


x BP 

&c, For example, if 72 22 —2 will be 2 and 

will be the logarithm of 3, and — 2 of 7, 
1 


3 


217. The logarithm of any particular number 
will depend “ on the magnitude of „. If r 


The logarithm of a given number, e, varies inverſely as the 


magnitude of the ratio r : 1. For if e = , and conſequently x 


de the logarithm of c, : 1 =1*:1, =x Nr 1, and x 
323 7s (if c be given) —.— þ 
"2Y 721 
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= 10, the ſyſtem agrees with the logarithms of 
the tables, | 


218, This quantity , whoſe logarithm is unity 
may be called the Baſis of the ſyſtem, and the lo- 
garithm of a number may be defined to be the 
index of that power of the baſis, which is equal 
to the propoſed number, For if * = c, x is the 
logarithm of c, 


219. The properties of logarithms may eaſily 
be deduced from this definition, Thus if c = , 
and d = , cd = , and x+y is the logarithm 
of cd; or the ſum of the logarithms of the factors 
is the logarithm of the product. 


A table of common logarithms ſhews what pow- 
er of 10 any number is, Thus becauſe we find 
in the tables ,9542425 the log, of 9, we infer that 
9 is found by computation to be equal to 
109542425 or g is the 9542425" term nearly in the 
geometrical ſeries 10%*0000001, 10*0000002, 
10*0000003, &c. 


Of the making of Logarithms, 


220, A very ſmall ratio is nearly doubled by 
doubling the difference between its terms, —tri- 
pled by tripling the difference, — and ſo on, 


For if x be very ſmall, the double of 1+z : 1, 


viz. 11 D*: 1*, or 1+2x+x* : 1, is, on account of 
the 
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the exceeding ſmallneſs of 22 in compariſon with 
2x, nearly the ſame as 1+2T :. 1 — 1 general, 


the n multiple of 1 +x : 1, viz, 1 +nz+n,— I 


* + &c.: 1, is, on account of the exceeding ſmall- 
neſs of the higher powers of z in compariſon 
with nz, nearly the ſame as 1+nT : 1, 


221, Converſely a very ſmall ratio is nearly 
halved, triſected, &c. by halving, triſecting, &c. 
the difference between the terms. 


222. Cor. Very ſmall ratios with a common 
conſequent vary nearly as the excels of their an- 
tecedents above the conſequent. | 


Hence if the logarithm of one very ſmall ratio 


be obtained, the logarithm of any other very ſmall 
ratio may be had, 


223. Hence the logarithm of any number, c, 
may be found as follows: 


Extract the ſquare root of 10, 15 the ſquare 
root of that ſquare root, and fo on, Let 142 
denote the . root of 10 found in this manner, 


m being a large number and conſequently p a very 
fmall fraction; then ſince log; 10 = 1, the log. of 


ros or of 144 is - Let 179 be the n" root of 
e, found in a ſimilar manner, = being a large num- 


ber; then (art, 222) Log. 1 +9 : Log. 149 :: P: 9 
log. 
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*. log. 1427 22 „ log. 147 — 2 „ = 
IN q m 
but ſince c IT, log. © ='n x log. 1+9 
— np | 
. „ *. ap 


Another method, 


- Find what two terms in the ſeries 4 10 105 
10% &c. the propoſed number lies between. 
Find a mean PT between. 2 two 
terms. : | 

Between the mean tvs; found, ad that ex- 
treme which differs leaſt from the N num- 
ber, find another mean proportional. 

Between this ſecond mean and the term which 
differs leaſt from the propoſed number, whether 
that term be-the former mean or one 'of the ori- 
ginal extremes, find another mean proportional 
and ſo on. x , 

Then each 1 mean will differ leſs and 
leſs from the propoſed number, and at length a 
mean will be found, the difference between which 
and the propoſed number will be within certain 
required limits. 

For each geometrical mean between two terms 
find an arithmetical mean between the logarithms 

or 


} 
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or indices of thoſe terms. Then each arithmeti- 
cal mean will be the logarithm of the correſpond- 
ing geometrical mean, ſo that the laſt arith- 
metical mean will be the logarithm of the laſt 
geometrical mean, or of the propoſed number 
nearly, | | | 


By theſe and ſimilar laborious methods were 
the logarithms of almoſt all the prime * numbers 
in the tables originally computed ;——various ar- 
tifices were afterwards employed to leſſen the la- 
bor, which thereader will fiad amply detailed in Dr. 
Hatton's very valuable Introduction to his tables: 
at length the invention of infinite ſeries ſu- 
perceded all other methods, and reduced the la- 
bor comparatively to nothing, 


— — 


224. Small ratios with a common conſequent 
being nearly proportional to the exceſſes of their 
antecedents above the conſequent, it follows that 
in any ſyſtem of logarithms the Togarithms of 
numbers, which exceed unity by very ſmall ex- 
ceſſes, are either theſe exceſſes, or the ſame part, 
multiple or parts of them reſpectively. Thus if 
z and y be very ſmall, and-z be the logarithm of 
1+x, then in the ſame ſyſtem, y is the logarithm 
of 1 +y;——if g be the logarithm of 1+x, 5y is 


The logarithm of, 1+y if: be the logarithm 


* The logarithm of a compoſite number is ſound by adding tages 
ther the logarithms of its factors. 


Aa 8 of 
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of 1+z, 2 is the logarithm of 1+y; &c, 


225. Hence aſſuming f any very ſmall fraction, 
aud M the proper multiplier to produce the ſyſ- 
tem we wiſh, Mf is the logarithm of 1+f : 1, 


2 * Mf, of 1+): 1 (or twice 1+/): 1); 3x M 
of IT : 13 Kc. = Mf, of = 2:13 = 2 x 
MF of If : 1; &c. &c. i, e. in the geome. 
trical ſeries continued both ways ad libitum 


1+», T+f* , 1+f), 1+fN, 1+f 8, &c, 

1+f „177 1＋ „ 1 &c, 
the logarithm of any term is MF x the index of 
that term; and if f be taken of proper minuteneſs, 
ſome one or other of the terms will coincide with 
any propoſed number nearly, Thus if 7 
= .000 0001, the 23025850" term of the ſeries is 


nearly equal to 10; for 10 = 1.000000123%s856 
nearly. 


226. The leſs Vis taken, the further muſt we 
proceed into the ſeries before we find a term 
equal to a given number V. Moreover the index 
of the term that is equal to M, or the number de- 
noting the diſtance of that term from the begin- 
ning of the ſeries, varies inverſely as , nearly. 


For in whatever proportion / is changed, in the 
Fame proportion nearly is changed the ratio 147 
2 1; „. the leſs is taken, the greater muſt be 


the number of ratios 14 : 1 to make up the ra- 
| tio 
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tlo N: 1. OrifN:1=1+/\:1=nx 
171 F : 1, n 171: 1 is conſtant, and u varies 
inverſely as 147: 1, varies inverſely as . 


Hence Mon, the * logarithm of XN, remains 
the ſame nearly, whatever changes take place in 
J, provided F be taken very ſmall, and M remain 
conſtant; but if M varies, it varies in the ſame 
xatio, | 

227, This magnitude M is called the Modulus 
ef the ſyſtem. If M = 1, the logarithms are 
called 1 Hyperbolic ;— If M = .43429448 &c. 
they are the common logarithms; for f this value 
of M will give 1 for the logarithm of 10. 

Aa2 228, 


® The accurate value of log. N is the limit to which Mn ap- 
proaches, when F is diminiſhed fine limite. 


+ Becauſe the mixtilinear area, intercepted between any two ordi- 
nates to the aſymtote of an hyperbola, is proportional to the ratio 
of the ordinates to each other; and the numerical values of theſe 
areas agree with the logarithms in the above ſyſtem when MZ = rx, 
provided the parallelogram of the hyperbola be aſſumed as unity; an 
aſſumption, which though not at all neceſſary, yet did naturally 
prefent itſelf in preference to any other to the writers who firſt con- 
ſidered the logarithmic properties of this curve. 


+ Allowing that the 23025850 term of the geometrical ſeries 
1.099,0001\' , 1,000,0001)*, Kc. is equal to 10, it follows that 
log. 10 = M4 e . ooo oo & 23025850 (ſee art. 225) and M 


Wa is , I 
2-3025950 Os ) 2.3925859 * 
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1 - 
228, If x be a very ſmall increment of z, the 
k \ 
exceſs of the ratio iX Xx: 1 above 1+x : 1 
Viz. the ratio 1 +T+2ZT ; I+x or 1+ 1 
Ll +X 


op: i 
2 1, varies nearly as — 5 


(art, 222) and its logs 
1 | | 


rithm is nearly ; .. 4: the logarithm of | 


1+xXx 


1+x+x : 1+T :: 1+x : M nearly, or M the 
modulus of the ſyſtem is the limiting value of a 


fourth proportional to the difference (2) between the 
terms of an indefinitely ſmall ratio, its logarithm, 
and one of the terms. y 


The method of aſcertaining what term of the ſeries is equal to 10 
may be as follows. | 


Let x be the index of that term; then MX . ooo coor X x = 
log. 10 


Now if | th 
IT r ow it 1+þ be the m#® root 


log. 10, and x = 


1 10,(as in art. 223)then for the ſame reaſon that MF is the log". of 
1+f, Mp will be the logm. of t +þ ; hence Mp = log. 10% and 


= Xo 


log. 10 

mp = log. 10 „ nity 

* + 000 0001 MX. ooo 0001 
Without conſidering what term of the ſeries 10 is, we have from 


lop. . And in a ſimilar man- 


the equation m] = log. 10, M = 


ner may the Modulus be ſound in any ſyſtem, that is determined 


by aſſuming a logarithm fer a particular ratio, 
| 229 
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229. The value of the term 1+ NY in the above 
. ſeries remains nearly the ſame, whatever changes 
be made in the ſmall fraction 5.“ 


For (1+/\? 1) = + * (1+f : 1) x f 


nearly or is nearly conſtant, 


n 


230. The limiting value of 1+ Ify is the limit 


of the ſeries 171 + + — + &c. 
2 7 TT 


ad infinitum, 


1 
For, if the numerator of F be 01 ＋ 77 | 


E 
1. x Fo + &e, 0% +1 


terms accurately ; and if we ſubſtitute Y, X, W, 
++ ++ + £Z for the compound coefficients of h, , 


Pp, fi I reſpeCively, this ſeries becomes 1414. 


* Sol n — + 1f TN 
243 2.3.4 5 f 


The fraction F may be taken ſo ſmall that a certain number of 
places in the decimal value ot Y ſhall have their figures accu - 
rate, i. e. not liable to be changed by taking y ſtill ſmaller ; in ot her 
words;1+f)7 has a limit, to which it approaches when F is dimi - 


niſhed fine limite. 
f 


190 LOGARITHMS. 


, . + ==" accurately, Now by decrea-. 
fing 7, this latter part, which involves the pow- 
ers of f, may (although the number of terms in it 
be thereby increaſed) be decreaſed ſine limite; 
„. the limit to which the whole approaches, 
when f is decreaſed ſine limite, is the former part, 


1+1 + - + Ke. ad infinitym. 


231, The logarithm of 1 : I, viz, MF x" 
7 is the modulus of the ſyſtem, Hence the 


modulus is in all ſyſtems the meaſure of the ſame 
ratio. This ratio is found, by adding together 
the terms * of the ſeries 1+1+ : + = + &c, 


to be 2.718281828459 &c. : 1, and is called the 
Modular Ratio. 


232. That the ſame ratio has the different mo- 


duli for its logarithms in the en ſyſtems 
appears alſo thus, 


The meaſure of a given ratio varies as the mo- 
dulus of the ſyſtem; and the meaſure of a ratio in 
a given ſyſtem varies as the magnitude of the ra- 
tio; . the meaſure of a ratio varies e magni- 
tude of the ratio and the Modulus jointly: 


- ® The ſum of 12 terms is accurate, as far as 6 places of decimals, 
Hence 
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Hence the meaſure of the modular ratio varies as 


the magnitude of that ratio x the modulus; or 
Moc modular ratio x M, and modular ratio is 
couſtant. | 


233. The number 2.71828: &c. is the baſis of 
the ſyſtem of hyperbolic logarithms, (ſee art, 218) 
For M, its logarithm, is in this ſyſtem, unity. 


234. Hence if N = 2.710201 & c., x is the hy- 
perbolic logarithm of N. | 


Of the Logarithmic Series, 


235. Let 1474 be the baſis of the ſyſtem; (ſee 
art. 218) and let T* ++ ee. i+x; 
then mx +1n2*+ &c. is the logarithm of 1+ x, 


ow this power expanded by the binomial Theo- 
TY arranged according to the powers of * 


ma? mas 8 


3 


Xx 

14 he meaning of this equation is, that the yalues of mn, &c. are 
to be ſuch, that if x +a be raiſed to the power mx+nx? Tc. and 
the reſult diſpoſed accor\ling to the powers of x, the firſt term will 
be unity,-the ſimple power of x will have a compound co-efficient 


equal to unity, —and the higher powers of x will have compound 
co-efficients each equal to o. 


+ Omitting the higher powers of x as not affecting the co-efficient 
of x, TAY , + max „ + N = 
. 2 


my 
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4 + Ke. which .*, equals 14+x ; hence equating 
the c:»efficients of the like powers of z on each 


,- de, 1-22 13s a — 4 > > — Ke. = 1, and 


1 


i” 


| m = FER, ,.. +© — &; and thus may the 
2 


ſucceeding co-efficients, u, p, &c. be found; but 


the law of their dependance on m would not ap- 


pear by this method, In order to determine that, 


aſſume as above; then log. 1 4 1 ＋2 = M. x ＋2 

＋ 1 TA + P. T2 + g. 42 + &c = (omit. 
ting to ſet down any but the firſt power of 2, as 
the others will not be wanted) mz + A* + pa? 


＋ &c, + mz + 2nx2 + 3) * + 499% + &c; 


hence log. 1+x+2 — log. I+x = mz + 2nx2 


+ 3% z + &c; but log. 112 12 — log. 1+x = 


log. —— = (by actual diviſion) (log. 14 2 xz 


+2*Z—Z173 +2* Zz &c) = M. Z — E TTT TT T&c 


+ n.2—x2+&0) + p x & + & = (omitting 
to ſet down the higher powers of z) = mzz + 
mx'x — &c. Hence theſe two values of log. (1+x 


+2) = log. (1+x) are equal, or 


— a3 + &c, = (omitting again the higher powers of *) 


3 
nr =. 
"= / 


mz 
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mx + 2nt2 + 3p ' + 4qx%2 + Sr + Ke. = 
mz — mxz + mri — mx*2 + mz — &c; 

.*, equating the co-efficients of the like powers of 
z and z we have n m; 


m 
21=— m, and n = == 


35 =m,andp = 2 
144=—m,andg === » &e2 


— 


23S - 5M x4 
„log. 1+x = m. x=="+ = "= 4 +E—&el# 
8 1713 


236. The firſt co-efficient, my is the Modulus, 
(M) of the Rees. « 


„ Aliter, Let o be indefinitely ſmall ; then TPM (= 1422 
+9. = eech approaches to a. ratio- of equality with 


1 ＋ — + 27 — &c, on account of the exceeding ſmallneſs 
2 3 9 3 j 


4 © %Y 
- 


* 


of the higher powers of v; but becauſ: v. — _ gr" — 
# f ö | AN 2 : 


9 


ſine limite as Þ decreaſes, log. (14. x 2 + — approaches tg 


a ratio of Nu with 5 — 4 ce. (art, 4280 Hence 


log. 14x (which = *- x 103.1 T r + - Ke. 


c Bb For 
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For if # decreaſes fine limite, log. 1+x ap- 
proaches to a ratio of equality with Mx ; but 


upon the ſame ſuppoſition, m. —2 + 0 &c, the | 


logarithm of 1+z, approaches to a ratio of equa- 
| lity with mz; .. Mx = mx, and M = m. 


237. If æ = a, we have Iq 2 1 = 1+6; 


*. Ms a5 +&c, = 1, and m= 1 + 32 ＋ & C 
: _ . . ” . - 
as Was found in art. 235. 
Subſtituting -x and its powers for x and its 
powers, we fhall in the ſame manner find log, 1 x 


4 x3 
= Mx — — - &C, 


238. Henee log. . (= = log. 1=x) = 


239. Hence log. 14 = log.1 - x(= log. - — 


X — 
2 


>. .. 4 


; L 
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240. By adding together the terms of the ſeries 


m. 6 —2 + 5 — Kae.) the ſums are alternately 


too great, and too ſmall If x be equal to or leſs 
than unity, theſe exceſſes and defects decreaſe 
ſine limite, as more and more terms are taken; but 
if z be greater than unity, they increaſe; and in 
that caſe the ſeries is of no direct uſe for finding 
an approximation to the logarithm of 1 +x, 

/ 


1+x 


Tu always 


241, The value of x in — and in ö 


IX 


leſs than unity, whatever number theſe expreſ- 
ſions are put equal to; and the ſeries for their lo- 


garithms, viz, 1 4 + - FP 


(x+ X* Is x? + &c.) always converge to the 


3 3 
true values, 


242. The latter ſeries converges yery faſt if 


— be a ſmall number. 
EXAMPLES 


1ſt. Required the Hyperbolic logarithm (A..) of 2. 


I + 
I-x 


= = 2, we have x = *, and hf, of 


Putting : 
B ba 


- 
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1 1 
2 2 2153 1— 3 +— + — , + &e. 
* 0 3 5-3? hs ) 


3? 
33333333 &c. 


=. 01234567 &c: 


— = .00082307 &c. 
= . 00006532 &c. 
= = . 000g0564 &c. 
9.3" 
I 


— = - 00000041 &c. 


1 
= 


' 


* 


34657355 


2 69314708 


This anſwer is correct 
to 6 places of decimals. 
It would require at leaſt 
looooo terms of the ſe. 


„ 
ries xa — > += - &c, 
2 3 


to obtain the 1. J. of 2 to 
the ſame degree of accu- 


racy ; for if IX = 2, 
x = 1 and the ſeries be- 


I I 
ons 7 = . oo 


whoſe 100000" term 
conyerted into a decimal 
gives an unit in the 67 
place, 


2d, Required the 4. J. of 5: 


This might be found directly by putting 


— 
— K* 


= 5; but more eaſily by means of the x too 


of 2, thus 


z=2 x 2, + . . J. 5 A. l. 2˙ + ht, 


* 


2 
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ox H. l. 2 + hl. 45 and putting 2 = _ 54 2 


I „ 
52 4 2x (5 + 5 aer 


—=, 1111111 &c, 


7 = . 0004572 &c. 


I 
_— = . 0000033 &c. 


- 1115716 
2 


4. . 5 = 2231 . 
- 3143 


44 42 . 386294 


h.l.5= 1.609437 Anfu” 


243. Hence h,l. of 10 (= h./;2 + . I. 5) = 
693147 + 1.609437 = 2.302504, which is correct 
to 5 places of decimals, the correct logarithm to 
6 places being 2.302 585. 

Since the Moduli in different ſyſtems vary as 
the logarithms of any given number, and the com- 
mon logarithm of 10 is 1, 

2.302585 : 1 :: 1, the modulus of the Hyperbolic 
logarithms : the modulus of the common logarithms, 
which 
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which is therefore equal to . & » 
ya n &a, 


(ſee art. 225.) 


244. To find the number in terms of the logarithm 
and its power.. 


Let z — > Do. be (the logarithm of 
1+2z) = y; theni+x = Tah, 1+4 being the 
baſis: let 1 T4 = 1 + by + cf + dy? + &c; 


then ſince 1+ =1 +ya+y. Z x 4 


T2 am + &e => 


_ 
+ J «= 


3 
1292 4 34 + y* x &c + &c 


a 2 a\ 
we have b = @ — = ws A C2 
2 3 = m 


(art. 235) and in the ſame manner might the ſuc. 
ceeding co-efficients c, d, &c be found; but in ory 
der to diſcover the law they follow, aſſuming as 


above, we have ITA 14 5 772 + ce. 
N 4.79 + &c, = (omitting to ſet down 
the higher powers of z) 1+by+cy* + dy + &c + 
tz + 2cyz + 34% + &c, 

But Ta“ =1+@" x 1+4' = according 
to the ſame aſſumption) 1 + by + cy? + dy) Oe 


x 1+6bz + &c = (omitting ta ſet down the 
higher 


_ FF I. crc, 
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higher powers of 2) 1 + by + <* + df + &c 
+ bz + e + beys + bd y*z+&c, 


Hence, equating the two values of r and 
omitting the terms common to both, we have 
bz + 2cyz + 3dy*'s + 4cy% + 5fy*z + & SW 
= bz + b'yz + bcy*z + bdy*z + bey + & 


and equatiug the co-efficients of the like powers 


of y and z on each ſide, 


I p I 
;$,=> 8.5432 a, ade Sn 
Mm 


18 2 | Ai 
34 = le pa ad; — 1 
| 1 1 2.3 2.3· 15 
4e 2 bd = . 
2.3 2.3.4 2.3.4.1 a 


&c. &c. 


and i+z iv = 1 *+ 2 11 


245. Cor. Let y = 1; then 1 Tf =21+2=1+ 
1 1 6 e 
= + I + = Þ. Kc. which is the ſeries 


for the baſis (1 +a) in terms of the modulus and 
its powers. 


A: 


246. 
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246. 3 Let y mn; then 1 = 14+ 


24 5+ Kc. 11 + 2 14 
mM == „ 2.3.4 
+ &c; hence r“ is independent of and a*; 
but 114“ : 1 is the modular ratio; which is 
.* conſtant, 


247. If m = 1, we have 144 = 1+1 + 7 1 
= 


+ &c. =-2-71828 &c, which is .. the baſis of thc 
hyperbolic logarithms. 

248. If we ſubſtitute — „ and its powers for 
＋ and its powers, we fhall in a ſimilar manner 


p EE — &c, th 
find 1-+6 SS — 2.3. 11 


terms being alternately + and — . 


N m 2 
Hence 4 _ = + — + &c. = 1=1 


122 tc=.6 &c; and 
+ 3 307 79 
I+aYT” : 1, (the inverſe of“: 1) the inverſe 


of the modular ratio, | is that of 1 to. 367879 &c; 
and the 04 hi ratio, which is 2.71828 Kc ;-1 


is alſo 3 * uh 


a and n mutually depend on each other—and the change in one 


ſo compenſates for the change in the other, as to keep the value of 


1a“ unchanged, 
4% 


249. The ratios between commenſurable quan- 
tities are for the moſt part incommenſurable one 
with another. Thus of all the ratios 2 : 1, 3: 1, 
4 : 1, 5 : 1, &c. ad infinitum, none are com- 
menſurable with the ratio 10: 1 except the ra- 
tios 100: t, 1000 : 1, 10000: 1, &c. 


For if two ratios have unity for their conſe- 
quents, and be commenſurable, one antecedent 
muſt be an exact root or power of a root, of the 
other; Thus if @ : 1 and 5: r be commenſu- 


rable, and a: 1 be Niks of b : 1, by the defini- 
"oF | 


tions that eſtabliſh the relative magnitudes of 
ratios, @ : 1 = bs : 1, and a 857. 
Now none of the natural numbers 2, 3, 4, 8 


&c. are powers or roots, or powers of roots of 10, 
except 100, 1000, &c. 


250. If two unequal ratios be commenſurable with 
each other, and be in their loweſt integral terms, 
then, 1ſt, one of them at leaſt muſt have both its 
terms exact ſquares or cubes or higher integral pow- 
ers ; and 2 the antecedent of the other muſt be ei- 
ther ſome root of the antecedent of the former, that 


can be really extracted, or elſe ſome power of ſuch 


root; and at the ſame time its conſequent be the ſame 
extractable root or. power of ſuch root of the conſe | 


quent of the former, | 
Cc For 
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For let a : 5 and c : d be the loweſt integral 
terms of two unequal commenſurable ratios; a : b 


being the greater ratio; and let 42: = * 


c: d (m and n being prime to each other, and 


m greater than n) = c* 2: d* ; thena": :: 


c* : dꝰ; and becauſe - and 7 are in their loweſt 


* m 
terms, ſo is - and its equal 7 (art. 94); .*. a. 


= cn, and Þ* = d; i. e. a" and b“ are m powers, 
But from this it follows that à and þ themſelves 
muſt be m powers. For if a* be an m power, 
then, ſince a” and conſequently a“ (pm being any 
multiple of m) is an m power, it follows that if x 
be ſubtracted as often as poſſible from m, and the 
remainder be made the index of a, that power of 4 
will be an m power“ Again, if this remainder 
be ſubtracted as often as poſſible from x, and the 
new remainder be made the index of a, that power 
of a will be an power; and thus we may pro- 
ceed, the remainders continually decreaſing, till, 


If the product of two faftors and one of the fators be both 
m powers, the other factor is an M power. | 


For if at" x af bean n power, or in other words al x 
"4/ a be rational, then, ſince atm is rational, "a" is rational; 
i. e. the , root of ar can be extracted, or a” is an mm power. 

| | on 


LOGARITHMS. 203 


on account of M and n being prime to each other, 
we come to the remainder unity, and prove that 
a is an inpower. For example, if a+ be a 15 
power, a“ is a 15 power; but a x @ is a 
15 power; .. a is a 15 power but * * 4 
is (by hyp.) a 15 power; . 4 is a 15 power. 
ln the ſame manner it may be ſhewn that 
bis an m power——,, the 1* part of the aſſertion 


is true; and ſince c = a and d = bn „ and it has 
been proved that the m roots of @ and h are ex- 
tractable, one or other alternative of the 2% aſſer- 
tion is true, according as x is equal to or greater 
than unity. 


If the two given ratios involve ſurds, ſuch 
multiples of them muſt be taken, as will render 
all the terms rational. Then, if the reſulting 
ratios be commenſurable, ſo are the given ratios ; 
otherwiſe not, | | 


EXAMPLES, 


15. The two ratios 2: 3 and 3: 4 are incom- 
menſurable with each other, For neither 2 and 3 
nor 3 and 4 are both ſquares or cubes or higher 
powers, 


2 The two ratios 9:4 and 4:3 are incom- 
menſurable with each other, For though g and 
4 be ſquares, yet 4 and 3 are neither roots nor 
powers of roots of 9 and 4 reſpectively. 

Cc2 ; 3% 
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3“ 3: 27 is commenſurable with 4: 9——For 


Sand 27 are cubes, and 4 and ꝗ are the ; powers 


of 8 and 27 reſpectively. 


4 Required whether 5/3 : 44/2 be commen- 
ſurable with *4/3 : */25, 


Multiplying the former ratio by 20 and the latter 
by 8, we have the ratios 3*: 25 and 3*: 25, which 
are equal, and . commenſurable, . the given 
ratios are commenſurable, 


251. Hence it is evident that, in any ſyſtem the 
legarithms of moſt of the numbers 2,3,4, &c. muſt be 
incommenſurable with unity, 


For if r be the baſis of the ſyſtem, no number 
can have a logarithm commenſurable with unity, 
the logarithm of x, except thoſe, whoſe ratios to 
unity are commenſurable with the ratio r: 1; now 
no more of the ratios 2:1, 3:1, &c. can be com- 
menſurable with r: 1 than are commenſurable one 
with another; and it has been ſhewn that very 
few of them are commenſurable. 


Thus if 2 :1 be commenſurable with r: 1,321 
is not, becauſe incommenſurable with 2: 1. 


152, Hence if any ſet of magnitudes be accurate 
meaſures of the relative magnitudes of the ratios 
2:1,3:1, 4:1, &c, theſe magnitudes have in 

general 


— —_ lk. YO... 
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general no exact numerical value one in terms of 
another; i. e. Numerical logarithms can only be ap- 
proximations to the meaſures of the ratios of the dif- 
ferent numbers to uuity.* 


253. 


* All poſſible ratios, beginning from that of equality, and pro- 
ceeding through all degrees of magnitude, together with their re- 
ſpective logarithms, way be conceived to be generated by the motion 
of points in right lines, thus: | 


Let AB be a fixt line, and let P and p ſet off at the ſame time from 

A B r 

b 3 TENG y 

B and 6 reſpeQiively, and more along the indefinite right lines BY, 

y with motions ſo regulated that bp, may always be proportional to 

the magnitude of the ratio AP : 4B; i. e. if C, e, and D, d, be co- 

temporary poſitions of P and p, ſo that bc may be to bd as the ratio 

AC: AB to the ratio AD : AB ; then bp will always be the logarithm 
of the ratio AP: AB, 


In order to ſimplify the conſideration, let the motion of P be ſuch, 
that the ratio AP : AB may increaſe uniformly, i. e. by equal incre- 
ments in any equal times: Then 


14. P will continually move fatter and faſter, 

For if P be a very ſmall jiucrement of AP, deſcribed in a given 
time, the correſponding increment of the ratio, viz, AQ: 48 
Ap: Aer: 101 + 2. x muſt be conſtant; but 1 + 

AP AP 
22 . 4 PQ . 22 | 
2 vai nearly as 2 (ſee art. 222) «*. Tp muſt be nearly 


conſtant, or PN, the increment dato tempore, muſt vary nearly as 
AP, and conſequently the motion of P be continually accelerated. 
2%, 
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253. The above obſervations are not at all in- 


conliſtent with what was delivered in Vol, x 
concerning 


245. The velocity of p will be conſtant. For ſince the ratio re- 
ecives equal increments in equal times, ſo muſt it's meaſure, bp. 


.*. Whatever velocity be determined to P, p may move with 
any uniform velgcity whatſoever, For ſo long as the velocity of 
F is but conſtant, bp will always be proportional to the magnitude 
of the ratio AP : A, and ſatisfy the definition of a logarithm. 


4'®y. Hence the number of ſyſtems of linear logarithms is unli- 
mited; becauſe the number of different velocities, with which p may 


move, is unlimited, 


gihiz. If AB be called 1, and the velocity of p be ſuch, that at firſt 
ſetting off from B and b the motions of P and p are nearly alike, ſo 
nearly, that the ratio of the firſt co-temporary increments deſcribed 
by P and p may, by diminiſhing the time ſine limite, be made to ap- 
proximate ſine limite to a ratio of equality, the logarithms are called 


hyperbolic. (ſce art. 227) 


In this caſe when AP = 1648, bp will be between 23 and 24 
tenths of AB (ſce art. 243) 


GV. If the velocity of p be fo diminiſhed from the above, that 
when AP = 104B, bp = AZ, the numerical values of the logari- 


thms coincide with thoſe in the common tables. 


The motions of P and p in the Hyperbolic ſyſtem, cannot even at. 
firſt ſetting off be accurately alike, however ſmall the time be taken ; 
becauſe that of P is variable, and that of p uniform. It conveys a 
general and popular notion of their relative motions, to ſay that 
their initial velocities are equal but this is not mathematical lag» 
guage, antil a definition be given of velecity in variable motion 
——-which cannot be done to any uſeful purpoſe without introdug- 


ing the idea of limiting ratios, To ſpeak of velocity as a term 
accurately 
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concerning the addition and ſubtraction of ratios 
That the ſum of the ratios a: b and : d is 
the ratio ac : bd was there proved (ſee art. 297) 
from conſidering c: d as ſome certain multiple, 
part or parts of a: b; now if c: d be incommenſur- 
able with a:, this demonſtration is not ſtrictly 
applicable but becauſe however ſmall a ratio 


be propoſed, ſome fraction, =, may be found ſuch 
n 


that the difference between c: d and MN hs of a: 5 
7¹ 


ſhall a leſs ratio than that propoſed ratio, it may 
eaſily be ſhewn by a reductio ad abſurdum that no 
other ratio but ac: bd can be the ſum of the ratios 
a: h and c: d; and conſequently either that ratio 
is their ſum, or they have no ſum. 


Moreover, if we define ac : bd to be the ſum of 
a: b and c: d, no argument will be required; and 
ſince ſuch a definition is conſiſtent with the pro- 
perties of ratios, and indeed one from which the 


accurately underſtood, and then ſeek to prove that two velocities are 
in the limiting ratio of the co-temporary increments, is ſimilar to 
conſidering proportion as a well known affet'on of magnitudes, 
(Which it would be but for the exiſtence of incommenſurables) and 
then endeavouring to demonſtrate the 5k definition of the gr Book 
of Euclid, This unphiloſophical method was fully expoſed by Dr. 
Barrow in the caſe of ratio but an obſcure and undefined uſage 
of words ſtill maintains its ground in many branches of the mathe- 
matics, and particularly in the doctrine of fluxions, - 

' definition 


—— — — — 


view is, that in the expreſſion * 7 
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definition given in art, 283, to determine the re- 
lative magnitude of ratios, immediately follows as 
a conſequence, (ſee art. 306) it is evident that no- 
thing untrue or inconſiſtent can in any inſtance 
reſult from calling ac: bd the ſum of a:b and c: d. 


SCHOLIUM, 


254. An equation of the form a = b, where z, 
the unknown quantity, is an index, is ſaid to be 
ſolved by Logarithms, For from this equation 


we have log. a“ = log. b; but log. a* = x x log. a 


lag. a 
log. " 


(art. 211) . x * log. 4 = log. b, and x = 


In a ſcientific view nothing more is ſeen in the 


equation x = 15 - than in the original equation 


& = b; for the logarithm of a number admits of 
no definition that directly points out the arith- 


It muſt 


metical operation neceſſary to find it. 


be defined either directly by indices, or elſe by 
ratios; the conſideration of whoſe relative va- 


lues involves the conſideration of indices, To 
know the relation between log. a and log. b is to 


know what power of a is equal to b. 


The only advantage therefore ir a ſcientific 


log. 4 the un- 
og. 


known quantity appears ſeparated from the known 
i quantities 


— x 


4 Head ms ht Cy hh os Hows 
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2 quantities, and its dependence on them (provided 
is care be taken to have a preciſe and accurate idea 
» of the relative magnitude of ratios) ſufficiently 
e perſpicuous, 

1, 


But ſince computations have been made and 
inſerted in tables, which ſerve to ſhew what 
power any one number is of any other, in a prac- 


5 tical view the equation z = log. a is of great uti- 
0 log. 6 
7 lity in ſhortening the labours of actual computa- 
1 tion. For inſtead of ſeeking the value of æ in 
4 the equation a* = b by trial, or by thoſe indirect 
methods, which are actually employed in com- 
e puting logarithms, and which have been explained 
in this chapter, we avail ourſelves of thoſe com- 
on 


putations which have been already made, and the 
of reſult of which is recorded in the tables. 


es D d APPENDIX, 


ng of 


AP PEN 


OF IMPOSSIBLE QUANTITIES, AND THE USE OF THE 
NEGATIVE SIGN. 


255» HB rule in art, 1 74 for multiplying to, 

gether radical quantities, will, if ap- 
plied to impaſſible quantities, lead to an inconſiſt 
ency, For + a + is not + 
Dab or + ab, becauſeifa=b, Y x 
/—a is the ſquare of A, and V is that 
expreſſion, whoſe ſquare is — a; therefore Y 
* of =& is — x af, and conſequently Me 
x O ſhould be — „/ 25. 


The reaſon of this exception ſeems to have 
been miſunderſtood.—In order to diſcover it, 
we are not to make any inquiry into the ſuppoſed 
abſtra&t nature of negative and impoſſible quanti- 
ties, nor argue for and againſt the rule by a reduc- 
tio ad abſurdum derived from the application of 
other algebraic rules; becauſe thoſe arguments 
which are true when applied to real magnitudes, 


D d 2 may 


| 
- 


| 
| 
| 
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may have no meaning whatever when applied to 
imaginary quantities, The whole matter may be 
reduced to this——If we change real equations 
by the application of certain ſymbols, thereby 
producing equations of no direct meaning, and 
then by reverſe operations produce real equati- 
ons again, theſe laſt equations muſt neceſſarily be 
true; but there can be no poſſible method of pro- 
ving (nor does it always happen) that an imagi- 
nary equation, introduced by the operation of 
one rule, may be reduced to a real true equation 
by the operation of another. Now impoſlible 
quantities are introduced by placing the ſymbol 
over negative quantities; therefore we cannot 
be ſure of not introducing error, if we reduce 
them to poſſible quanties any other way than by 
ſquaring, i. e. by taking away the radical ſign, 


It muſt however be allowed, that if we apply 
the /ame rule, whatever it be, to both ſides of an 
equation, no error will-ariſe, only a certain in- 
conſiſtency in the names of things, Thus if 
—a==b, /—a = band if we multiply both 
ſides into /=@, by. the rule in art. 174, the re- 
ſult, viz. a = Jad, is not untrue; but it is in- 
conſiſtent 'to take à for the ꝓroduct of oe —8 
multiplied into itſelf, when we define RN —a to 
be that quantity which multiplied into itſelf urg 


duces — a. 
In 
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In order to avoid both error and inconſiſtency, 
an impoſſible quantity ought to be ſeparated into 


two factors, one of which is I, and the other 
a poſſible quantity; thus ere 

/a; then in multiplying two impoſſible quanti- 
ties together, the impoſſible parts, i, are not 
to he multiplied together by the rule in art. 154, 


but by taking off the ſign; thus / —=a x = 
= 4—=1 xa x /—i:x /bd = 
Woe x /Jeb==—1x /ab= = a. 


Theſe impoſſible quantities are found ſome- 
times to expedite demonſtrations, but in the opi- 
nion of ſome excellent mathematicians, the diſ- 
guſting jargon and air of myſtery they introduce 
into mathematics, together with the confuſion of 
ideas to which they give riſe, are by no means 
compenſated by their utility, 


Similar objections have been made againſt the 
unlimited uſe of negative quantities; and undoubt- 
edly it has occaſioned many abſurd notions and 
imperfect demonſtrations; eſpecially in the appli- 
cation of Algebra to Geometry; in which a line 
taken in one direction is aſſumed poſitive, and 
lines in the contrary direction negative, without 
any general demonſtration that no error can re- 
ſult from ſuch aſſumptions, But this does not 
ſeem to be a ſufficicnt reaſon for reſtricting the uſe 

of 
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of the negative ſign to denote merely the ſubtrac- 
tion of a leſs quantity fiom a greater; becauſe ſuch a 
reſtriction would occaſion boundleſs trouble, 
would introduce tedious circumlocution, and 
would often render obſcure and difficult what 
otherwiſe appears plain and eaſy, 


It might ſeem ſuperfluous to point out any par- 
ticular examples to juſtify this aſſertion, ſeeing 
that no writer, who treats at large of the various 
branches of the Analytics, has refuſed to avail him. 
ſelf in ſome degree of the ſymbols called negative 
quantities: yet as accuſations of abſurdity have by 
ſome intelligent men been preferred not only 
againſt the explanation given of theſe ſymbols, but 
againſt the very uſe of them in any caſe whatſo- 
ever, it may not be unacceptable to the reader, 
who on the one hand is diſguſted with unmeaning 
words and imperfect demonſtrations, and on the 
other hand is not ſo blinded by the very name of 
reform, as to refuſe to hear any juftification of 
eſtabliſhed cuſtoms, to have the nature and uſe of 
theſe negative quantities briefly ſtated. 


There are wo principal ways of employing ne- 
gative quantities, beſides that, which ſerves 
merely to denote the ſubtraction of a leſs magni- 


tude from a greater, 
1*- By employing a letter, where a magnitude 
is to be ſubtracted, to denote that magnitude with 


its ſign — prefixt. 
| Thus 
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Thus in problems, where it is a queſtion whe- 
ther a quantity ſhould enter into an equation by 
addition or by ſubtraction, a letter with the 
ſign + is put for it, and the queſtion is deter- 
mined according as the value of that letter comes 
out at laſt to be pofitive or negative. 


Another example of the ſame nature we have 
in inveſtigating the terms of a ſeries, where it is 
unknown whether they be all poſitive, or ſome 
poſitive and ſome negative letters with the 
ſign + are put for the co-efficients of the terms 
without any conſideration whether the terms be 
poſitive or negative. See the logarithmic Series, 


The only thing to be conſidered in theſe and 
ſimilar caſes is, whether the rules we employ be 
ſuch as lead neceſſarily to juſt concluſions; and 
whether the method be convenient. If nothing 
more than the neceſſary juſtneſs of the concluſi- 
ons be eſtabliſhed, we are at leaſt cleared from the 
imputation of falſe reaſoning. 


2% By ſetting the negative ſign before a quan- 
tity, that is not employed independently, for the 
ſake of convenient notation as to generalize 
a rule, to expreſs a theorem conciſely, and ſhew 
the law which the terms follow, 


Thus, from the extenſion of a rule, we have 
negative indices to denote the reciprocals of 


powers; as a to denote = 
"\ 


Again, 
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Again, if the letter be employed, agreeably to 
the firſt head, to denote a number with its ſign 
prefixt, the Binomial theorem is expreſſed gene- 


rally by the equation 1+a)" 2 +mx+m. — 
2 


x* + Ke. where, if be 4 fraction, the factors in 
the co-efficients will ſooner or later become ne- 
gatlve; viz, when the whole number to be ſub- 
tracted becomes greater than m. And it does not 
ſeem poſſible to expreſs this theorem generally, 
perſpicuouſly, and unambiguouſly without em- 
ploying theſe negative factors. 


Are we then to give up ſtrict demonſtrations 
and convenient methods of reaſoning, becauſe 
ſome have indulged in reveries about quantities 
leſs than nothing — others have ſeriouſly, fet 
themſelves to prove that 4“ = 1, and others per- 
haps have endeavoured to force their imaginati- 
ons to conceive the nature of @ negative involution? 
Becauſe the readers of theſe myſteries have 
often had their ideas perverted, their habits of 
ſtrict reaſoning impaired, and their taſte for accu- 
rate demonſtration vitiated ?——Surely not; it 
rather behoves us to ſhew what theſe things re- 
ally are, to diſtinguiſh words from ideas, and to 
explain in what caſes rules are to be aſſumed in- 
ſtead of proved, In one word, the Mathematician 


: ought to have no further anxiety about negative 
quantities, 


> © 


. ß 
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quantities, than to be able ſtrictly to demonſtrate 
that the concluſions he obtains by their means 
muſt neceſſarily be true:——then whether they 
are to be employed or not, becomes merely a 
queſtion of expediency, | 


or TBE DEMONSTRATION OF THE BINOMIAL 
THEOREM, | | 


256. The corefficients of the Binomial Theorem 
may be obtained with much more ſimplicity than 
in the demonſtration in art. 3 31, Vol. I, by em-. 
ploying 1 +z +y inſtead of 1 Tr Tx; as follows. 

Let , b, e, & e. be the coefficients of thea“ geg &e. 
terms of the yr power of any binomial; and =. 


1, 6, &c. the co- eſſicients of the ſame terms of the 


mm 1h power: ſee art, 33 1, vol. I. then . TE: = 

1+m1, T + b.:x+9) &c. = (omitting to ſet 

down the higher powers of y, they not being 

wanted in this demonſtrapion) 1+mx+bx* + &c. 

+ my + 2bzy + 3c ＋ 44%y + &c. and 

IT HY N T. IT x y+ Kc. = 

mb ĩ 7 + mc * + &c. hence, equating theſe 

two ſeries, and omitting the common terms, 

my + aby + gexty + 4dxiy + &e, = 

So: . 


218 . END mw 


= . 
1 4 * 


and equating hs coefficients of the like powers 
of x and y, m m; 2b = m m 1, and b = 


— ͤë I 
_ |. henced = 1. . 3e = mb = 
2 2 | 
e 2 m. m — 1. 1 — 
2 int — Z; and ſo on. 
2 „ * l 


This ſimplification Was ſuggeſted by a theorem in 
Mons. La Grange's * Theorte des Function: Analyti- 


ques,” ” publiſhed i in 1797. As it in a great meaſure. 


deſtroys, the value, which the author might 
have attached to his own original demonſtration he 
on longer heſitates to declare his opinion, that all 


the other algebraic demonſtrations of the Binomial. 
Theorem, which, he has met with, are imperfect; 


being either not general, or not clear and fatis- 


factory in demonſtrating the law of the co-effici- 


entz, or. employing quantities that are ſuppoſed to 


vaniſh; in which laſt” caſe the demonſtration is 
properly an but under a ito du U ee 


geous ns - 


— 


4 


= 3 — — a + 
* * 


